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Transits of Venus and the Astronomical Unit

DONALD A. TEETS

South Dakota School of Mines and Technology
Rapid City, SD 57701
donald.teets@sdsmt.edu

Edmond Halley. Leonhard Euler. Mason and Dixon (of “line” fame). Captain James
Cook. James Short.

With the probable exception of the last man listed, these names are all very rec-
ognizable, yet it seems most unusual for them to appear together. What could they
possibly have in common?

The answer, of course, is given away in the title of this article. All were players in
the extraordinary story surrounding observations of the transits of Venus—that is, the
passages of Venus across the disk of the Sun, as viewed from Earth—that took place in
the eighteenth century. Only five transits of Venus are known to have been observed in
the history of mankind, in 1639, 1761, 1769, 1874, and 1882. Thus no one alive today
has seen one. But this will soon change, for the next transit will take place June 8,
2004, and another will follow on June 6, 2012.

Though transits of Venus are rare and beautiful astronomical events, they could not
have earned a significant place in the history of science for aesthetic reasons alone.
The extraordinary attention devoted to these transits, especially in 1761 and 1769,
was due to their usefulness in determining the length of the astronomical unit, that is,
the mean distance from Earth to the Sun, in terms of terrestrial distance units such as
miles. Indeed, one estimate of the astronomical unit, computed from observations of
the 1769 transit and published in 1771, differs from modern radar-based values by a
mere eight-tenths of a percent [5, 9].

The first purpose of this article is to offer a glimpse into the rich history surrounding
observations of the transits of Venus, especially the transit of 1761. But a second and
more important purpose is to give a mathematical description of the methods used by
Mr. James Short following the 1761 transit to deduce the length of the astronomical
unit. As June 8, 2004 draws near, one is sure to read of the upcoming transit in the
popular press. This article is intended to augment the popular accounts by providing
mathematical insight into the event for those who are able to appreciate it.

Kepler’s prediction and the first observed transits

Our story starts with the German astronomer Johannes Kepler in the early part of the
seventeenth century. Though Kepler never witnessed a transit himself, his significance
in the story is enormous for two reasons.

First, according to Kepler’s Third Law, as it is now known, the ratio of the square of
a planet’s orbital period to the cube of its mean distance from the Sun is the same for all
planets. From this law, the relative scale of the solar system can be determined simply
by observing the orbital periods of the planets. In fact, Kepler’s own estimates of the
relative distances of the known planets from the Sun do not differ significantly from
modern values. But Kepler was unable to translate his discovery of the relative scale
of the solar system into absolute terms, for he badly underestimated the length of the
astronomical unit. His estimate of 3469 Earth radii (actually the largest of several of
his estimates) was roughly seven times too small, and so his understanding of absolute
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distances within the solar system remained considerably flawed [13]. Despite Kepler’s
naive estimate of the solar distance, his third law remains one of the great achievements
in the history of science, and is unquestionably fundamental to understanding the size
of the solar system.

The second connection between Kepler and the transit problem is much more di-
rect. It was his prediction in 1629 of the transits of Mercury, in November of 1631,
and Venus, in December of 1631, that led to the first-ever observations of such events.
Kepler predicted that the Venus transit would not be visible in Europe, nevertheless he
asked astronomers to keep watch on the 6th and 7th of December in case his calcula-
tions were imperfect. He also “directed his request to observe this transit.. . to sailors
who would be on the high seas, and learned men in America...” [13]. Unfortunately,
there is no evidence that anyone successfully observed the 1631 Venus transit. On
the other hand, at least three people saw the transit of Mercury in 1631 as a result of
Kepler’s prediction. Of these, Pierre Gassendi wrote a detailed account of the event.
Though no attempt was made to use this transit to determine the length of the astro-
nomical unit, Gassendi’s observation was significant nonetheless, for it revealed that
the apparent diameter of Mercury was far smaller than had been assumed by Kepler
and his contemporaries [7]. Kepler, unfortunately, died on November 15, 1630, and
thus did not live to see his brilliant prediction fulfilled.

Kepler’s transit predictions were based on his Rudolphine Tables of 1627, which
were produced as a result of his work with the great Danish astronomer Tycho Brahe.
By the same method, Kepler also predicted the 1761 transit of Venus, but imperfec-
tions in the tables led him to believe that no transit would take place in 1639. Following
Kepler’s death, the Belgian astronomer Philip van Lansberg produced a set of tables,
now known to be considerably inferior to Kepler’s, but which did in fact predict a
transit in 1639. It was in trying to reconcile differences between Lansberg’s tables
and the Rudolphine Tables that a brilliant young Englishman, Mr. Jeremiah Horrox,
became convinced that a Venus transit would indeed occur in 1639 [15]. Regarding
Lansberg’s tables, Horrox wrote [14], “I pardon, in the meantime, the miserable ar-
rogance of the Belgian astronomer, who has overloaded his useless tables with such
unmerited praise ... deeming it a sufficient reward that I was thereby led to consider
and forsee the appearance of Venus in the Sun.”

Horrox was richly rewarded for his labors in correcting the Rudolphine Tables, for
on December 4, 1639, he became one of the first two people ever to observe a transit
of Venus. The event was also observed at a nearby location by his friend William
Crabtree, whom Horrox had alerted in the weeks preceding the event. No attempt was
made by Horrox to use the Venus transit to determine the solar distance, but as with
Gassendi’s observations of Mercury in 1631, the event served to show that the angular
size of Venus was far smaller than had been assumed [13].

Solar parallax

We now pause to present a few technical terms that are essential for the development
of the story, using the terminology found in Taff [12]. In FIGURE 1, « is the angle
between the line through the centers of the Earth and Sun and a line through the center

>
A A

Figure 1 The equatorial horizontal solar parallax o
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of the Sun and tangent to the Earth’s surface. The angle « is known as the horizontal
solar parallax. Denoting the Earth’s equatorial radius by r, and the Earth-Sun distance
by A4, it is clear from FIGURE 1 that @ = sin~'(r,/A). But of course A is not constant !
If A is chosen to be one astronomical unit (au), the mean distance from Earth to the
Sun, then « is known as the mean equatorial horizontal solar parallax. For brevity,
the term solar parallax is commonly used in place of mean equatorial horizontal solar
parallax, with further distinctions made only when the context requires it. With the
preceding definitions and the understanding thatr, is known, it should be clear that the
problem of finding the length of the astronomical unit in terms of terrestrial units is
equivalent to determining the solar parallax «. Finally, to properly prepare the reader
for the discussion that follows, we note that a modern value for the solar parallax is
8.794148" [12], where a minute (') is the sixtieth part of a degree and a second (")
is the sixtieth part of a minute. We also point out that smaller estimates of the solar
parallax correspond to larger estimates of the astronomical unit, as expressed in miles
(or kilometers, or Earth radii, or...).

Kepler’s Earth-Sun distance of 3469 Earth radii corresponds to a solar parallax of
about one minute. Through the course of the seventeenth century, estimates of the so-
lar parallax continued to diminish, due in large part to a vast increase in the quality
and quantity of telescopic observations of the planets. By the end of the century, lead-
ing astronomers had all begun to believe that the solar parallax was considerably less
than one minute, though there was little uniformity and often less than compelling rea-
soning behind the variety of values that continued to appear in scholarly works. The
uncertainty’ that remained early in the eighteenth century is nicely illustrated in van
Helden’s Measuring the Universe [13], where we find that no less an authority than
Newton was still undecided about the solar parallax: In the second edition of the Prin-
cipia (1713), he used 10”; in notes for the third edition he variously used 11”, 12", and

13”, and in the third edition itself one finds a solar parallax of 10%”.

Edmond Halley’s call for action: an international scientific effort

Though the idea of using a transit of Venus or Mercury to determine the solar paral-
lax dates back at least to the Scottish mathematician James Gregory in 1663, it was
Edmond Halley who became its greatest advocate. Halley observed a transit of Mer-
cury from the southern hemisphere in 1677, and in his report on the observations, he
discussed the possibility of using transits of Mercury or Venus to determine the solar
parallax. Of the two, he believed that the geometry of Venus transits was far more
likely to produce accurate results. Halley proposed the Venus transit idea in papers
presented to the Royal Society in 1691, 1694, and most importantly, in 1716. Because
Halley was one of the most influential astronomers of his time (he became the second
Astronomer Royal in 1719), his paper of 1716 became “a clarion call for scientists
everywhere to prepare for the rare opportunity presented by the forthcoming transits
of 1761 and 1769.” [15]

Halley’s 1716 paper [4] begins by lamenting the wide variety of solar parallax val-
ues in use at the time, some as large as 15”, and suggests 12%" as a plausible value.
He goes on to describe roughly his method of determining the solar parallax from ob-
servations of the transit of Venus that would take place in 1761, even going so far as
to describe the proper locations to send observers. “Therefore again and again,” writes
Halley, “I recommend it to the curious strenuously to apply themselves to this observa-
tion. By this means, the Sun’s parallax may be discovered, to within its five hundredth
part...” The essence of his method was to calculate, based on the 12%” hypothesis,
the expected difference in the duration of the transit as observed at two widely differ-
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ing locations. “And if this difference be found to be greater or less by observation, the
Sun’s parallax will be greater or less nearly in the same ratio.” As we shall see, this was
exactly the idea behind the methods employed by James Short when the transit actu-
ally took place. But despite the claim by Acker and Jaschek [1] that “this method was
used by Halley in 1761 and 1769,” Halley had no illusions that he would personally
put his method into practice, for he died in 1742 at the age of 85.

Halley’s paper called for observers to be stationed far and wide across the globe,
a monumental task in 1761. Despite the obvious difficulties involved in sending ob-
servers to distant locations, not to mention the fact that Great Britain and France were
in the midst of the Seven Years’ War at the time, the response to his call was over-
whelming. In all, when the transit took place, there were at least 122 observers at
sixty-two separate stations, from Calcutta to the Siberian city of Tobolsk, from the
Cape of Good Hope to St. John’s in Newfoundland, and of course, at a large num-
ber of locations throughout Europe [15]. Many had traveled weeks or even months to
reach their destinations. Unfortunately, it is impossible to describe in this short article
all the adventures of those who set out to observe the 1761 transit: of Charles Mason
and Jeremiah Dixon who set out for the East Indies, but hadn’t so much as left the En-
glish channel when their ship was attacked by a French warship, leaving 11 dead and
37 wounded; of the Frenchman Chappe who traveled 1500 miles across Russia to To-
bolsk by horse-drawn sleigh, once having to round up his deserting guides at gunpoint;
of the Frenchman Le Gentil who was prevented by the war from reaching his destina-
tion in India, and so was forced to observe the transit from the rolling deck of a ship
in the Indian Ocean. The interested reader will find excellent descriptions of these and
other expeditions in Harry Woolf’s book on the eighteenth-century transits of Venus
[15]. All in all, the efforts to observe the 1761 transit of Venus surely amounted to the
greatest international scientific collaboration in history up to that time.

James Short and his computation of the solar parallax

James Short (1710-1768) is not well known in modern mathematical circles for the
simple reason that he was not primarily a mathematician. Though Short studied under
Colin Maclaurin and displayed some talent in mathematics, he achieved fame and
fortune as one of the most skilled telescope makers of the eighteenth century. In his
lifetime, Short made some 1,370 telescopes, of which 110 still exist today [3]. A
“Short biography” might also mention that he was a candidate for the post of As-
tronomer Royal, a frequent contributor to the Philosophical Transactions of the Royal
Society, a friend of Benjamin Franklin, and a co-discoverer of a nonexistent moon of
Venus [3, 6]. Short was a member of a special committee established by the Royal
Society to plan the study of the 1769 transit of Venus, but died before the plan could
be implemented.

Short observed the 1761 transit of Venus from London, in the company of the Duke
of York and other honored guests. In the months following the transit, Short collected
a good deal of data from the various observations that had taken place worldwide.
These he published in the Philosophical Transactions in December 1761, in a paper
entitled The Observations of the internal Contact of Venus with the Sun’s Limb, in
the late Transit, made in different Places of Europe, compared with the Time of the
Same Contact observed at the Cape of Good Hope, and the Parallax of the Sun from
thence determined [10]. A second article [11], virtually identical in nature but with
a great deal more data, appeared a year later in an attempt to strengthen the case for
his computed solar parallax value. We shall now examine the methods Short used, as
described in the 1761 paper.
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Figure 2 Contacts at ingress and egress

FIGURE 2 illustrates the positions of Venus on the disk of the Sun at four cru-
cial times during the transit. Times ¢y, t,, 3, and t, are the times of external contact
at ingress, internal contact at ingress, internal contact at egress, and external con-
tact at egress, respectively. Next, in FIGURE 3, one can see that the track of Venus
across the Sun shifts upward as the observer moves further south on the surface of
the Earth. This upward shift has two consequences that are crucial to Short’s com-
putational plans: first, the ¢; time is earlier for northern observers than for southern
observers, and second, the total duration of the transit 3 — ¢, is shorter for northern
observers than for southern observers. Short’s two methods simply amount to quanti-
fying these two ideas.

N
S i S S Sun
Earth Venus =~

Track seen by ...

...northern observer
...southern observer

Figure 3 Effect of latitude on the apparent track of Venus

We can easily illustrate Short’s first method just as he presents it in his first paper,
that is, with virtually no computational details whatsoever! First, we note that the t;
time observed in Greenwich was 8:19:00 AM local time, whereas the #; time as ob-
served at the Cape of Good Hope was 9:39:50 local time. (In fact, it was Mason and
Dixon who provided the valuable observations from the Cape, having been prevented
from reaching the East Indies by their skirmish with the French warship.) The differ-
ence is 1" 20/ 50”. Now most of this difference is due to the difference in local times,
which Short determines to be 1% 13’ 35”. Since one hour of local time difference cor-
responds to 15° of longitude, Short’s figure is equivalent to saying that the Cape’s
longitude is 18°23'45” east of Greenwich. But after the difference in local times is ac-
counted for, a time difference of 7' 15” remains, which must be the difference due to
the effect of latitude illustrated in FIGURE 3.

Next, Short asserts a theoretical difference to compare with this observed difference
of 7' 15”. Assuming a solar parallax of 8.5" on the day of the transit, the t; time for an
observer at the Cape should be 6' 8" later than the t; time for a hypothetical observer
at the center of the Earth, and the t; time for an observer at Greenwich should be 1’ 11”
earlier. Thus the 8.5” hypothesis leads to a difference of 7' 19” between the #; times
predicted for these two stations. “But the difference in absolute time,” Short writes,
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“as found by observation, as above, is only = 7’ 15", therefore the Sun’s parallax, by
supposition, viz. 8.5”, is to the parallax of the Sun found by observation, as 7' 19” is
to 7' 15", which gives 8.42" for the Sun’s parallax, on the day of the transit, by this
observation...” In other words, after converting times to seconds, Short has solved
the proportion

8.5 439
— = ey
o 435

much as Halley had suggested.

In an identical manner, Short compares observations from fourteen other locations
to those taken at the Cape, and concludes that “by taking a mean of the results of
these fifteen observations, the parallax of the Sun, on the day of the transit, comes out
= 8.47", and by rejecting the 2d, the 8th, the 12th, and the 14th results, which differ
the most from the rest, the Sun’s parallax, on the day of the transit, by the mean of
the eleven remaining ones is = 8.52”.” He then uses this value to compute the mean
equatorial horizontal solar parallax, which can be accomplished as follows. First, recall
from FIGURE 1 that the radius of the Earth, which is of course constant, is A sin «. If A,
is the Earth-Sun distance (in au) on the day of the transit and «,, is the mean equatorial
horizontal solar parallax (which corresponds to an Earth-Sun distance of A = 1 au),
then

A,sin8.52" = sina,,.

Clearly, Short knew that A, &~ 1.015 au, allowing him to compute «,,, for he writes
“The parallax of the Sun being thus found, by the observations of the internal contact at
the egress, = 8.52” on the day of the transit, the mean (equatorial) horizontal parallax
of the Sun is = 8.65”.” Thus the solar parallax computation is complete. The length of
the astronomical unit in miles is now simply 7, /sin 8.65”, where r, is the radius of the
Earth in miles.

But there is a gaping hole in our understanding of Short’s method. To complete
our understanding, we must develop a way to determine the 6’ 8” and 1’ 11” time val-
ues noted above (and similar values for other observer locations), which arise from
the hypothesis of an 8.5” solar parallax on the day of the transit. We shall approach
the problem in a manner that is undoubtedly different from what Short used in 1761,
preferring to use the tools of vector and matrix algebra that are so familiar to us.

Our first task is to develop two coordinate systems and relate them to one another.
FIGURE 4 shows the geocentric equatorial coordinate system x’'y’z’ whose origin is
at the center of the Earth. The x’y’ plane contains the Earth’s equator, and the z’ axis
passes through the north pole. The positive x’ axis is oriented so that it passes through
the center of the Sun on the first day of spring, and is fixed in space; that is, the Earth’s
daily motion and annual motion do not change the orientation, but only the location of
the origin. Thus the angle 6 in FIGURE 4 changes continuously as the Earth rotates.

Now consider an observer at longitude A and latitude 8, measured with the con-
vention that —180° < A < 180° and —90° < 8 < 90°, with A > 0 east of Greenwich
and 8 > 0 north of the equator. If 6 represents the angular position of Greenwich with
respect to the x’ axis at a particular instant, then an observer at longitude A and latitude
B will have x’y’z’ coordinates

x' recos Bcos(f + \)
y | = recosBsin(@ +1) |. 2)
b4 r.sinf
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Figure 4 Geocentric equatorial coordinates

This is just the usual spherical-to-rectangular coordinate conversion, with the observa-
tion that latitudes are measured up from the equator rather than down from the north
pole, as is standard in calculus texts.

Earth on first
2 day of spring A

Earth at
midtransit

A
\
\
\
/
/

y

Figure 5 Geocentric equatorial and heliocentric Venus transit coordinates

FIGURE 5 shows the x’y’z’ coordinate system along with a second system xyz that
we shall call the heliocentric Venus transit coordinate system. The xyz coordinate
system is chosen with the origin at the center of the Sun, the xy plane containing
the Earth’s orbit, and the positive x axis directed through the center of the Earth at
midtransit as viewed from the center of the Earth. The xy plane is known as the ecliptic
plane.

Converting from one coordinate system to the other is accomplished as follows:
first, a rotation about the x’ axis through the angle € (the tilt of the Earth’s axis with
respect to the ecliptic plane) makes the x'y’ plane coincide with the xy plane; next, a
rotation about the z' axis (now pointing in the same direction as the z axis) through
an angle of ¢ makes the x’ axis coincide with the x axis; finally, the x'y’z’ coordinate
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system is translated one unit in the positive x direction. The angle ¢ represents the
Earth’s position with respect to the Sun at midtransit June 6, 1761, and placing the
center of the Earth exactly one unit from the center of the Sun at midtransit is simply
a computational convenience. (This distance unit, which we shall use to measure all
distances in the following discussion, is approximately one astronomical unit, but not
exactly so because the Earth is not at its mean distance from the Sun on June 6.) The
rotations and translation are accomplished via

x cos¢p sing O 1 0 0 x’ 1
y | =1 —sing cos¢p O 0 cose sine y |+ 0
b4 0 0 1 0 —sine cose 7 0

The Earth’s daily motion and annual motion must be accounted for as time elapses
from ¢t = 0, the moment of midtransit (as viewed from the center of the Earth). For
the former, we increase 6 in (2) according to 6 = 6, + 15¢ (degrees), where 6, is the
position of Greenwich (with respect to the positive x’ axis) at # = 0 and ¢ is measured
in hours. Of course the 15 arises from the fact that the Earth rotates 15° per hour. We
shall approximate the Earth’s annual motion for the short duration of the transit by
assuming that it takes place entirely in the positive y direction. Denoting the Earth’s
angular velocity at the time of the transit by w,, the displacement at time ¢ due to the
Earth’s annual motion is approximated by [0, w,t, 0]7. By adding this displacement to
the right side of (3) and by using (2) to determine [x’, y’, z']7, we can determine the
xyz coordinates at time ¢ of an observer at longitude A and latitude B.

The essence of our method is to derive vector equations based on the simple obser-
vation that the center of the Earth, the center of Venus, and the center of Venus’s image
on the Sun (as viewed from the center of the Earth) must be collinear. We shall then re-
peat the computation, replacing the center of the Earth with the position of an observer
on the surface of the Earth. FIGURE 6 shows the track of Venus’s image across the disk
of the Sun, as viewed from the center of the Earth. At ¢+ = 0 (midtransit), the center of
Venus’s image on the Sun (in x yz coordinates) is at Iy = [0, d cos u, d sinu]”, where d
and u will be computed from observations. The center of the Earth is at Ey = [1, 0, 01”.
Assuming that, for the short duration of the transit, the motion of Venus takes place in
the plane x = x,, simple vector addition shows that the position of the center of Venus
attime t = 0is Vo = Iy + x,(Eg — Ip).

Figure 6 Track of Venus’s image on the disk of the Sun

FIGURE 6 shows that at time ¢ = T (the moment of internal contact at egress
as viewed from the center of the Earth), the center of Venus’s image is at Iy =
[0, R cos(u + v), Rsin(x + v)]7. Meanwhile, the center of the Earth has moved to
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Plane x=x,
y

Figure 7 Motion of Venus in the plane x = x,

Er = [1, w.T,0]7. In FIGURE 7, which shows the motion of Venus from ¢ = 0 to
t = T, the angle i is the inclination of Venus’s orbit to the xy plane. If w, is the
angular velocity of Venus, then the distance the planet travels from¢ =0to¢t =T is
approximated by x,w, T, so that its location at time T is

0
Vr =Vo+x,0,T cosi . 4
—sini

The vector V7 — I+ must be a constant multiple of the vector E;r — I in order for
the center of the Earth, the center of Venus, and the center of Venus’s image on the
Sun to be collinear, and the first coordinates tell us that the constant is x,. By equat-
ing the second coordinates in the vector equation Vy — Iy = x,(Er — I7), expanding
cos(u + v) and simplifying, we are able to obtain

X, (w, — w, cOS i) T
A-x)WVR—-a*

Likewise, equating the third coordinates, expanding sin(x + v) and simplifying, we
get

sinu =

&)

cos X,y Sin i T ©)
u=- .
(1 —x,)VR2 — a2
The identity sin® u + cos? u = 1 allows us to obtain
1-x, R — @2
r= %) 3 @)
Xy w? + w? — 2w,w, oS i

Once T is known, equations (5) and (6) allow us to determine sin # and cos u.

Next we repeat the computation for a viewer on the Earth’s surface at longitude A
and latitude B. Let ¢t = T, be the time at which our observer sees the internal contact
at egress, where once again ¢t = 0 refers to the moment of midtransit as seen from the
center of the Earth. Let I, = [0, y., z.]7 designate the center of the image as seen by
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the observer at time ¢ = Ty, and note that y? + z2 = R2. As noted in the paragraph
following (3), the observer’s position at t = Ty is

x 0
OTO = y + we TO ’
z 0

where the vector [x, y, z]” is exactly as given in (3). By changing T to T, in (4), we
obtain the position of the center of Venus at time t = Ty, that is

0
Vi, = Vo +x,0,Tp cosi
—sini

As before, the vector V7, — Iz, is a constant multiple of the vector Oz, — Iy, and the
first coordinates force the constant to be x,/x. Equating the second coordinates gives
us y. = M + NTj, where

(1 —xy)xdcosu — x,y XXy, COS i — Xy,

M = and N =

X — Xy X =Xy

’ .

and equating the third coordinates gives us z. = P — QTp, where

(1 —xy)xdsinu — x,z XX,w, Sin i

P

and QO =

X —Xx, X —Xx,

Then y2 4 z2 = R? becomes (M + NTy)? + (P — QTy)* = R?, which can easily be
solved for Tp. (The + sign in the quadratic formula gives the correct root.)

Our observer at longitude A and latitude B should see the internal contact at egress
Ty, — T hours later than a hypothetical observer at the center of the Earth, assuming
the difference is positive, and |Ty — T'| hours earlier if the difference is negative. To
illustrate, we restate the values given previously: for an observer at the Cape of Good
Hope, To — T = 0.10222 hours, or 6’ 8” later, whereas for an observer at Greenwich,
To — T = —0.01972 hours, or 1' 11” earlier.

We now address the problem of determining values for the many parameters that
have been introduced into our work. There are three sources for values of these param-
eters: First, Short specifically lists a few of the values that he uses; second, and most
importantly, many of the values can be computed from Short’s values using the un-
derlying hypothesis that the solar parallax is 8.5” on the day of the transit; third, there
are a few values related to the Earth’s daily and annual motions that Short undoubt-
edly knew, but did not specify. For these last-mentioned values, we resort to modern
sources that readily supply the necessary information. In all cases, we shall use Short’s
values for the latitudes and longitudes of the observers as given in Short’s first paper,
for accurate determination of the longitude was a significant problem in 1761, and the
use of modern values would seriously affect the results. In using Short’s longitude val-
ues, one must be careful to note that not all are measured with respect to Greenwich, a
standard that evolved sometime after 1761.

Let us reiterate that our coordinate system is chosen so that the centers of the Earth
and Sun are exactly one unit apart at midtransit, as seen from the center of the Earth.
All distances in the following work will be measured in terms of this unit. Under the
8.5” hypothesis, the radius of the Earth is therefore r, = sin 8.5”. Short gives the dif-
ference in the parallaxes of Venus and the Sun as 21.35” on the day of the transit, so
we may take 29.85” as the parallax of Venus. Therefore the Venus-to-Earth distance
is given by r,/sin29.85” = sin8.5" /sin 29.85", so that x, = 1 — sin8.5"/sin 29.85".
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Figure 8 The radii of the Sun and the image of Venus from their angular diameters

Next, Short’s value of 31’ 31” for the angular diameter of the Sun on the day of the ob-
servation gives us a value for the solar radius R = sin(31'31”/2); likewise his value of
59” for the angular diameter of Venus gives us the value r; = tan(59”/2) (see FIGURES
6 and 8). Thus R = R — r; is known. Short also gives the minimum angular separation
of the centers of Venus and the Sun as 9’ 32, as seen from the center of the Earth. This
figure, based on the actual transit observation, gives us d = tan(9'32"”). And last, Short
gives us two values regarding the motion of Venus, the first of which is w, = 3’ 59.8”
of arc per hour. The second is i, the inclination of Venus’s orbit with respect to the
plane of the Earth’s orbit. The value published in Short’s paper [10] is i = 8° 30’ 10",
a value that is surely the result of a typesetting error. For this value produces nonsen-
sical results, whereas the value i = 3°3(0' 10" not only agrees well with the modern
value [9] but produces results that match Short’s quite well. It is inconceivable that the
best data available in 1761 had a 5° error in the inclination.

For the parameters that Short omits from his paper, modern references by Mon-
tenbruck and Pfleger [8] and Roy [9] provide us with the appropriate 1761 values. For
the Earth’s daily and annual motions, we have used € = 23.47°, ¢ = 256°, 6, = —25°,
and w, = 2'25.0” per hour. To obtain 6 from ,, we have assumed the constant ¢ value
of 3 hours, which approximates the semi-transit time and which therefore allows us to
determine the observer’s x yz coordinates at the moment of internal contact at egress.
Computational experience suggests that the calculations are quite sensitive to changes
in w,, but much less so for €, ¢, and 6.

The lack of certainty as to the exact values James Short used for i, €, ¢, 6y, and w,,
the sensitivity of the computations to w,, and our rather different method of computing
the T, — T values make it impossible to match Short’s values exactly. But the results
are consistently close, differing from Short’s by roughly 1%. Thus the Ty — T value
for the Cape of Good Hope, computed by the above method, is 6’ 12", compared to
Short’s value of 6’ 8”. The table below lists data for four other locations, the last being
a location in present day Finland. The second column shows our computed 7o — T
value followed by Short’s value in parentheses. The third column is the difference
between the Cape and the given location, again with Short’s value in parentheses. The
fourth column shows the difference in time of internal contact at egress between the
given location and the Cape, as actually reported by the observers. The last column
shows the resulting solar parallax on the day of the transit computed as in (1), with
Short’s value in parentheses.

Location Ih,—-T Diff. from Cape Observed Parallax
Greenwich —1'12"(-1"11") 724" (719") 715" 8.33"(8.42")
Rome 014" (-0'13") 626" (6'21") 626"  8.50” (8.61")

Stockholm —2'20"(-2'18") 832" (8'26") 825"  8.38”(8.48")
Cajaneburg —3'1”(—2'59") 913" (97") 856"  8.24”(8.33")
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For further comparison, we note that Short’s computed values for the solar parallax on
the day of the transit fall between 8.07” and 8.86", based on data from the fifteen sites
studied in his first paper [10].

Short’s second method

Short’s second method for computing the solar parallax is really just a small variation
on the first method, and so it will be very easy for us to describe. This method com-
pares the observed duration of the transit, that is, the time between internal contact
at ingress and internal contact at egress, to the theoretical duration of the transit com-
puted from the 8.5” hypothesis. In the notation of the previous section, the theoretical
duration for an observer at the center of the Earth is simply 27, which can readily be
computed from (7). By this method, the duration is 5" 57’ 59”, whereas Short gives
the value 5" 58’ 1”. For an observer on the surface of the Earth, one can compute a
theoretical duration from the 8.5” hypothesis as follows. First, compute 7; (the time
between midtransit and internal contact at egress) just as before. Next, by evaluating
0 = 6y + 15¢ at t = —3 instead of + = 3, and by using the — sign in the quadratic for-
mula used to determine 7, we obtain the time before midtransit at which the internal
contact at ingress should occur. Subtracting this (negative) value from the original Tp
value gives us the theoretical duration of the transit for our observer. We can then use a
proportion much like (1) to reconcile the actual observed duration with this theoretical
duration.

For example, Short’s theoretical duration for Tobolsk is 5" 48’ 58”, which differs
from his center-of-the-Earth duration by 9’ 3” or 543 seconds. But the observed dura-
tion at Tobolsk was 5" 48’ 50”, which differs from his center-of-the-Earth duration by
911" or 551 seconds. Then

8.5 _ center-of-Earth — theoretical _ 543
a  center-of-Earth — observed ~ 551°

yielding a solar parallax of 8.63” on the day of the transit. To illustrate further, our
theoretical duration for Cajaneburg is 5" 49’ 54”, Short’s is 5" 49’ 56", and the observed
duration was 5" 49’ 54”. For Stockholm, our theoretical value is 5% 50’ 27", Short’s is
5" 50’ 27", and the two reported observations are 5* 50’ 45” and 5" 50’ 42".

Short uses this second method to compute the solar parallax on the day of the transit
using data from sixteen different observers. He thus obtains sixteen values ranging
from 8.03” to 8.98”, with a mean of 8.48”. In a manner that modern statisticians can
only envy for its simplicity, he concludes that “if we reject the observations of number
Tth, 8th, 9th, 10th, 12th, 13th, and 14th, which differ the most from the rest, the mean
of the nine remaining ones gives the Sun’s parallax = 8.55”, agreeing, to a surprising
exactness, with that found by the observations of the internal contact at the egress.” If
half of the data doesn’t support your conclusion, just use the other half!

The transit of 1769 and conclusions

The reader may have sensed by now that the transit of 1761 did not produce the defini-
tive result that Halley had predicted in his 1716 paper. Despite the cleverness of the
method and the extraordinary efforts that had gone into making the observations, the
conclusions that were drawn from the data still varied widely, with much of the un-
certainty due to the lack of accurate longitude data [15]. But the experience gained
in 1761 only served to whet the appetites and improve the skills of those who would
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follow in 1769, when an equally vast international effort was undertaken to observe
the second Venus transit of the decade. Captain James Cook was hired to transport
observers to the South Pacific, and our friend Chappe (of Tobolsk in Siberia) observed
the transit from Baja California, where he died soon thereafter. The luckless Le Gentil,
who missed the 1761 transit as a result of the war, waited eight years in the Indian
Ocean area for the 1769 transit, only to be defeated by cloudy weather. And how does
Euler fit into the story? He certainly did not witness the 1769 transit, for by then he was
totally blind, but this did not stop him from writing about it [2]. Other than these few
items of trivia, we shall not go into the 1769 transit in any detail, for the mathematics
did not change significantly from the work already described.

The range of solar parallax values derived from the 1769 transit, and thus the length
of the astronomical unit, drew ever closer to the values accepted today. We close by
providing the details of a comparison that was mentioned in the introduction: a modern
radar-based value for the astronomical unit is 92,955,000 miles [9]. And based on his
analysis of the 1769 transit of Venus, Thomas Hornsby [S] wrote in 1771 that “The
parallax on the 3d of June being 8.65”, the mean parallax will be found to be = 8.78";
and if the semidiameter of the Earth be supposed = 3985 English miles, the mean
distance of the Earth from the Sun will be 93,726,900 English miles.”

Eight-tenths of a percent difference. Absolutely remarkable.

Notes on the sources A very large number of papers on the transits of Venus
in 1761 and 1769 appeared in the Philosophical Transactions of the Royal Soci-
ety. Thanks to a project known as the Internet Library of Early Journals (ILEJ),
many of these [5, 10, 11] are available at www.bodley.ox.ac.uk/ilej/. (Hint:
sometimes the “next page” arrows at this site don’t work, but adjusting the page
number in the URL does.) Also, Halley’s paper [4] can be found online, starting at
www.dsellers.demon.co.uk/.

One can find a number of web sites devoted to the upcoming Venus transit of
June 8, 2004. In particular, a web site maintained by the U.S. Naval Observatory
(http://aa.usno.navy.mil/data/docs/Venus2004.pdf) gives precise infor-
mation about the times of the transit predicted for various locations all over the world.
According to this web site, the entire transit will be visible throughout most of Europe,
Asia, and Africa. The very end of the transit will be visible in the eastern U.S. just after
sunrise.
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Combinatorial Euclidean geometry is replete with appealing, uninvestigated questions
of unpredictable depth and difficulty. Interesting, innocent-looking, beguilingly simple
questions having to do with the ways shapes fit together, they are fascinating problems
to tinker with, and, well, you never know .. ..

The situation that interests us here has to do with fitting one geometric figure into
another. A figure ® and a target set T are given.

Figure 1 Does & fit in ['?

We say that the figure @ fits in the target I, or, equivalently, the target I" covers the
figure @, when there is a rigid motion w so that u(®) C T, thatis, when I' has a subset
congruent to ® (FIGURE 1). We assume throughout that the figure ¢ is compact and
the target I is closed, convex, and (usually) compact.

It might happen that a specific figure ¢ and target I" are given, and one wants to
know if the figure fits in the target, or perhaps how large a figure similar to & fits in
the target I'. We call such problems fitting problems, or fits.

1<r=<2/V3 r>2/v3

Figure 2 Fitting an equilateral triangle in a rectangle

For example, one might want to know how large an equilateral triangle can fit in
a1l x r rectangle (r > 1). The answer depends on r, of course. If 1 <r <2/ V3 the

largest such equilateral triangle has side 2v/r2 — +/3r + 1, and if r > 2/+/3 it has side
2/+/3 (see FIGURE 2). In particular, as is well known, the largest equilateral triangle

that fits in a unit square has side 2v/2 — /3 = +/6 — /2. See, for example, Madachy
[36, pp. 116, 129-131].

Alternatively, a family of figures might be given, and one seeks a target set, per-
haps of prescribed shape, that covers every figure in the family and is small in some
specified sense. We refer to questions of this kind as covering problems, or covers.
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For example, one might ask for the smallest square region large enough to contain a
congruent copy of every triangle with perimeter two. (The smallest such square has
side 1/+/2. See Wetzel [52].)

Our intention here is to examine a few typical problems, solved and unsolved, of
these two kinds.

When the target I" is convex, the questions and methods are geometric in nature;
but when the target I' is not assumed convex, the questions of interest are fractal or
measure theoretic in nature, and they typically lie much deeper. In the last section of
this survey we cite some of the surprising results that are known in the nonconvex case.

Fits

Suppose a pair (P, ') of compact, convex shapes is given, each shape having
nonempty interior. There is a largest figure &, similar to & that fits in I', and &
itself fits in I" if and only if it is no larger than ®,,,. Dually, there is a smallest target
I"min Similar to I into which & fits, and & itself fits in I" if and only if I' is no smaller
than I',;,. Finding a necessary and sufficient condition for @ to fit in I" is equivalent
to finding the largest figure &, similar to & that fits in I' and also to finding the
smallest target [, similar to I" that covers ®.

Another pair of problems arises from interchanging the roles of figure and target.
We could ask for the largest figure similar to I' that fits in the given target &, or,
equivalently, the smallest target similar to & that contains the figure I'. We call these
(T, @) questions converse to the (¥, I') questions. So, associated with any pair of
compact, convex shapes (with nonempty interiors) there are four fit problems, which
are equivalent in pairs. There seems to be little relationship between a fit problem and
its converse.

Triangles and disks

Here and throughout we employ the standard notations for the parts of triangle ABC.
We write a, b, and ¢ for both the segments BC, CA, and AB and their lengths, and o,
B, and y for the (measures of the) opposite angles.

Euclid surely knew that the incircle is the largest circle that fits in a given triangle
even though this fact is not mentioned in his Elements (see Heath [24, IV, Prop. 4]).
It follows that a disk of diameter d fits in the triangle T with sides a, b, ¢ precisely
when d < 2r, where r is the inradius of 7. An expression for r in terms of the
sides follows from Heron’s formula for the area F combined with the observation
that r(a + b + ¢) = 2F, and we conclude that a disk of diameter d fits in a triangle
with sides a, b, c if and only if

- (ma+b+c)a—-b+c)a+b-c)
- a+b+c )

d

Dually, the smallest triangle similar to T that contains the disk of diameter d is the one
with inradius d /2.

In the 1870s Cayley [8] posed the converse problem in the Educational Times, ask-
ing for a necessary and sufficient condition on a, b, c, d for a triangle with sides a, b, ¢
to fit in a disk with diameter d.

EXERCISE 1. Find a necessary and sufficient condition on a, b, c,d for the tri-
angle T with sides a, b, c (a > b > c) to fit into the disk D of diameter d. What is the
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dual result? (Suggestion: Use the law of sines, 1/(2R) = sin« /a, with Heron’s for-
mula to express the circumradius R in terms of the sides of T.) [Answer on page 398.]

Are there analogous results for spheres and tetrahedra?

Squares and triangles

In 1836, Ernst Brune, a mid-level Prussian civil servant in the Prussian General Wid-
ows Pension Office, found the largest square that fits in an acute or right triangle [6].
Despite the title, “Grosstes Quadrat im Dreiecke,” Brune actually found the largest
square that is inscribed in the given triangle in the classical sense that all four corners
of the square must all lie on the sides of the given triangle.

For nonobtuse triangles, Brune showed by synthetic means that the largest inscribed
square rests on the shortest side of the triangle. If the triangle has sides a, b, ¢ with
a > b > c, then the largest square rests on the shortest side ¢, and its side spax iS
easily seen from similar triangles to be spax = ch./(c + h;) = (¢! + hZ")~!, half the
harmonic mean of the shortest side ¢ and the longest altitude .. It follows that a square
of side s fits into the triangle if and only if 5§ < spa = (¢! + hc_')‘l. As faras I am
aware, this is the earliest question about fits in the literature, although there may well
be earlier examples.

For the obtuse case, Brune noted that there is only one square inscribed in the tri-
angle, so it is, a fortiori, the largest.

Sullivan [51] has recently noted the very useful fact that if a convex polygon fits in
a triangle, then it must always also fit in such a way that one of its sides lies along a
side of the containing triangle (indeed, Sullivan showed that the polygon can always
be moved continuously within the triangle so that one of its sides is brought to rest on
one side of the containing triangle). It follows that in the obtuse case, one side of the
largest square rests on one side of the triangle, but that side isn’t always the longest
side of that triangle. The precise result is complicated because an unanticipated cubic
condition appears.

THEOREM 1. (WETZEL [58]) An obtuse triangle T is given, with sides a, b, and
¢, where a > b > c. Then the side sy Of the largest square that fits in T is

h, ) .
— % ifh, > av/2sin(y + 45°)
siny + cos y
Smax = h
ang . .
ifhy < a/2sin (y + 45°).
a+h,

A square of side s fits in T precisely when s < $x.
The argument is straightforward using the easily established formulas

ah, h, h,

Sa = ’ sb = . sC - . ____ 5
a+h, siny + cos y sin B + cos B
for the sides of the largest squares in T with one side on a, b, c, respectively, of T.
The boundary between the two cases in the Theorem is given by equality h, =
av/2 sin(y + 45°), which gives the locus of points A for which the largest squares on
the longest side BC and the middle side AC have equal sides. In a cartesian coordinate
system in which C = (0, 0), B = (—a, 0),and A = (x, y) with y > 0 (FIGURE 3) this
constraint is the cubic curve whose equation is

y? +x%y 4 2ax* 4 2ay* 4 2a%x = 0,
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which is asymptotic to the line y = —2a and whose intercepts are the points (—a, 0),
(0, 0), and (0, —2a). Since T is obtuse, the notational normalization a > b > ¢ forces
A to lie in the (upper) semicircle with diameter BC and to the left of the perpendicular
bisector of BC. If A lies above the cubic (in the region lightly shaded in FIGURE 3),
then the largest square in 7 = ABC rests on the middle side AC, but if A lies below
the cubic (in the region more heavily shaded), then the largest square in T rests on the
longest side BC. This result can be reformulated in terms of just the sides a, b, ¢ using
the familiar formulas of trigonometry, but the results are ugly.

Figure 3 The obtuse case

EXERCISE 2. A square S of side s and a triangle Ty are given. Describe the small-
est triangle T similar to Ty that can cover S.

EXERCISE 3. (CALABI) Show that there exists exactly one nonequilateral triangle
for which the three maximal squares, one resting on each side, have equal areas.

In the introduction, we mentioned the familiar fact that the largest equilateral tri-
angle that fits in the unit square has side +/6 — +/2. The problem of finding the largest
triangle of any given shape that fits in a given square has recently been studied (Jerrard
and Wetzel [27]). To my knowledge, nothing is known about the analogous problems
for cubes and tetrahedra in R* or, more generally, for r-simplices and d-cubes in R?.

Triangle in triangle

Natural fit problems need not have nice answers. A fundamental fit question was posed
in 1964 by H. Steinhaus [48], who asked for a necessary and sufficient condition on the
six sides a, b, ¢, a’, b’, ¢’ for the triangle T’ with sides @’, b’, ¢’ to fit in the triangle T
with sides a, b, c. Separate necessary conditions and sufficient conditions are easy to
give, but a condition that is both necessary and sufficient is more elusive. In 1993
the Dutch mathematician Karel Post, motivated, he wrote, “by a problem that arose
in industry,” gave a list of 18 inequalities whose disjunction is both necessary and
sufficient.

THEOREM 2. (POST [44]) Write F, F’ for the areas of T, T', respectively. Then
T’ fits in T if and only if one of the eighteen inequalities obtained by permuting a, b, ¢
and cyclically permuting a’, b’, ¢’ in the following inequality is correct:

max {F (b 4+ ¢* —a?), F' (b* + > — a%) }

e))
+max{F(a'2 +c*=b?%),F (a*+* - b2) } <2Fcc.
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Post’s proof is elementary but clever, and it involves only a bit of trigonometry. It
relies on the useful preliminary result that if one triangle fits in a second in any way
whatsoever, then it also fits in such a way that one of its sides lies on a side of the
containing triangle. (It is this result of Post’s that Sullivan [51] generalized.)

The inequalities (1) can be rewritten via the Law of Cosines so as to involve the
angles of the triangles, and the resulting inequalities, also noted by Post, are somewhat
simpler. But at best these conditions are opaque and intractable.

Virtually nothing is known about the analogous problems in space: find a necessary
and sufficient condition for a triangle (that is, a thin triangular plate) to fit in a tetra-
hedron, or for one tetrahedron to fit into another. The corresponding problems for a
p-simplex in a g-simplex in R¢ boggle the mind.

Equilateral triangle in triangle

Specializing Post’s inequalities (1) by setting a’ = b’ = ¢’ = s would give a necessary
and sufficient condition on the four sides s, a, b, ¢ for an equilateral triangle of side s
to fit into a triangle with sides a, b, ¢, but the resulting condition, even when the no-
tational normalization @ > b > c is taken into account, is far from simple. Jerrard and
Wetzel [25] have recently established somewhat more geometric conditions by deter-
mining the side s,.x Of the largest equilateral triangle that fits in the given triangle T'.
Itis interesting that again a cubic constraint appears. We sketch this result.

Arrange the notation for T sothata > b > ¢, and introduce a rectangular coordinate
system in such a way that B = (0, 0), C = (a, 0), and A has positive ordinate. Then
A lies to the left of the perpendicular bisector MD of BC and inside the circular arc
BD with center C and radius a (FIGURE 4). It turns out that when 8 < 60° the largest
equilateral triangle in T fits with one side along the longest side BC, but when 8 > 60°,
the location of the largest equilateral triangle in 7 depends on the sign of

¢ sin <60° — %ﬂ) — asin <60° + %,3) . 2)

In coordinates, the locus of the points A (x, y) for which the expression (2) vanishes is
an arc of the cubic

V3x? - x%y + \/§xy2 e 2+/3ax? — 2«/§ay2 +3a’x + 4%y =0,

which is asymptotic to the line £ with equation ~/3x — y = 2+/3a (FIGURE 4). The
curve crosses its asymptote at the point (a, —v/3a). The arc PQ of the cubic that

forms part of the boundary between the two significant regions is generated for 60° <
B < 80°.

D

Figure 4 The critical regions
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Then one can show that the largest equilateral triangle in T rests on the shortest side
¢ when A lies in the unshaded region QPDQ and on the longest side a when A lies in
the shaded region BUEDPQB. Details can be found in Jerrard and Wetzel [25].

EXERCISE 4. Show that the isosceles triangle with apex angle 20° is the only
nonequilateral triangle for which the three largest equilateral triangles, one on each
side, are equal.

EXERCISE 5. Let x be a side of a triangle T, and let s;, be the side of the largest
equilateral triangle that fits in T with one side along the side x and s}, the side of the
smallest equilateral triangle that contains T with one side along x (possibly extended).
Show that s:s* . = 4F //3, irrespective of the shape of T, where F is the area of T.

in“out

(See Jerrard and Wetzel [25].)

The converse problem, to determine precisely when the triangle T fits in the equi-
lateral triangle A with side s, has apparently not been examined, and other interesting
fit problems involving two triangles remain unstudied. For example, precisely when
does a right triangle with legs a, b fit in a right triangle with legs ¢, d?

Rectangle in rectangle

In 1914, Flanagan [18] asked for the second side d of a ¢ x d rectangle inscribed in an
a x b rectangle (a question with many precursors in the problem literature, most asking
about the dimensions of a rug laid diagonally on a rectangular floor), and a few years
later Dunkel [13] provided an elaborate discussion of the resulting quartic equation.
In 1956, Ford [19] asked when a p x g rectangle fits in an a x b rectangle. A neces-
sary and sufficient condition on the sides p, q, a, b was soon supplied by Carver [7].
Here is Carver’s nice result in an elegant formulation having its roots in Dunkel’s dis-
cussion. Carver’s argument is straightforward; a quite different formulation appears in
Wetzel [55].

THEOREM 3. (CARVER [7]) Suppose an a x b rectangle T is given, with the no-
tation arranged so thata > b. Then a p x q rectangle R with p > q fitsinto T if and

onlyif
a. p<aandq <b, or
b. p>a,q<b,and

(a—i—b)2 (a —b>2
+ > 2.
Ptq pP—q

Little seems to be known about the corresponding problems in space. A necessary
and sufficient condition on p, g, a, b, ¢ for a p x g rectangle (that is, a thin rectangular
plate) to fit into an a x b x ¢ box (a rectangular parallelepiped) remains unknown,
and determining more generally when a p x g x r box fitsinan a x b x ¢ box seems
very difficult. The analogous questions in higher dimensions seem completely beyond
reach.

One might ask in particular for the side of the largest m-cube that fits in an n-cube.
This question, at least in the case of a cube in a tesseract, was raised by Gardner [21,
p. 172], who summarized what little is known about this general question.

Jerrard and I have recently found the largest rectangle of given shape that fits in a
unit cube [26]. The special case of fitting a square in the unit cube is equivalent to the
well-known Prince Rupert’s problem of passing a unit cube through a suitable hole
in another unit cube. Rupert showed that a hole can be made in a cube of side one



VOL. 76, NO. 5, DECEMBER 2003 355

that is large enough to permit a second cube of side one to pass through, and a Dutch
scientist, Pieter Nieuwland, proved that a cube of side less than %\/i =~ 1.06066 can
pass through a suitable hole in a unit cube. The history of this result was beautifully
summarized in 1950 by Schreck [47].

Such passage questions are not exactly fit questions, but they are closely related.
Jerrard and I [26] have recently generalized Nieuwland’s result and determined pre-
cisely when an L x AL x puL box (where 0 < < A < 1) can pass through a suitable
hole in a unit cube. Jerrard has also shown that a regular tetrahedron with edge slightly
larger than one can pass through a suitable hole in a regular tetrahedron of edge one.
More generally, how large a Platonic solid can pass though a suitable hole in a second
Platonic solid with edge one? To my knowledge nothing much is known about such
questions.

Further fits

Even in the plane the subject is filled with uninvestigated questions that seem to re-
quire little more than insight and elementary mathematics to study, and in higher
dimensions—even in R*—interesting questions abound, of unknown depth and dif-
ficulty. Precisely when does a regular n-gon of side s fit in the triangle with sides
a, b, c? in a regular m-gon? in a box with edges a, b, ¢? in a Platonic solid of edge e?
I have investigated the question of precisely when a u x v rectangle fits into a triangle
with sides a, b, ¢ [56], but the converse question of fitting a triangle into a rectangle
apparently remains unexamined. When does a given triangle, regular n-gon, rectangle,
... fitin a given ellipse? sphere? ellipsoid? Little is known about when one polyhedron
fits into another, although Croft, Falconer, and Guy [11, pp. 52-53] report a few results
for Platonic solids. There seems little chance of a general theory of fits.

A fool can ask more questions than seven wise men can answer. —OIld Proverb

Covers

In problems of cover type, a family of figures is given, and one seeks a compact (con-
vex) target set, perhaps of prescribed shape, that covers every figure in the family and
is small in some specified sense, area, perimeter, etc.

A prototypical example dating from 1914 is the well-known Lebesgue universal
cover problem, which asks for the convex set of least area that is large enough to cover
each set of diameter one (see Lebesgue [34], Croft, Falconer, and Guy [11, pp. 125-
27]). The problem is known to have a solution, and the least area is known to lie
between 0.8263 and 0.8442, but little more is known.

Here is an easy introductory example.

EXERCISE 6. A Kite is a quadrilateral region in the plane whose diagonals inter-
sect and are perpendicular. Find the smallest disk that can cover (a) every kite whose
diagonals have given lengths a and b, (b) every kite whose diagonals have given sum
s, and (c) every kite whose perimeter is at most p. (Hint: the median of a triangle is
shorter than the average of the two adjacent sides.) [Answer on page 398.]

Worm problems

In most of our examples, the figures to be covered are rectifiable arcs of various kinds.
Suppose a family C of arcs is given (for instance, arcs of unit length, convex unit
arcs, closed unit arcs, unit polygonal arcs having at most two, three, n segments), and
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suppose a convex region F is given in the plane. A worm problem for F and C is to find
the smallest convex region similar to F that contains a congruent copy of every arc in
C. The earliest problem of this type of which I am aware was posed by L. Moser [39]
more than 35 years ago (see also W. Moser [40]):

Find the (convex) set of least area that contains a congruent copy of each arc in
the plane of length one.

Figure 5 The smallest known worm blanket

The unit arcs are sometimes called worms (inchworms?), and the problem has been
phrased in different ways in the literature: The architect’s version (find the smallest
comfortable living quarters for a unit worm), the humanitarian version (find the shape
of the most efficient worm blanket), the sadistic version (find the shape of the best
mallet head...), and so on. Partial results are known, including the existence of such
a minimum cover, but its shape and area remain unknown. The best bounds presently
known for its area  are

0.21946 < u < 0.27524. 3)

Lost in a forest An old problem of Bellman [2] is closely related to these worm
problems. The problem can be phrased in the following picturesque way (see Finch
and Wetzel [17]):

A hiker is lost in a forest whose shape and dimensions are precisely known to
him. What path should he follow to escape from the forest in the shortest possible
time?

The problem is to find the shortest path that is guaranteed to reach the boundary of the
forest, given complete knowledge of the size and shape of the forest but no information
about where one is within the forest or what initial direction to set out. There seem to
be no general methods to attack problems of this sort, and the best path has been found
in only a very few special cases. The length of a shortest escape path appears to be a
basic geometric property of the region, like its perimeter, area, diameter, and minimum
width. See Berzsenyi [3] and Finch and Wetzel [17] for a survey of this problem area.

Bellman’s question is related to the worm problem in the following way. The short-
est escape path y from a forest F is the shortest path that does not fit in the interior
of F. It need not be unique in shape but, of course, its length is uniquely determined.
If a shortest escape path has length ¢, then F must be a cover for the family of all arcs
of length £. Indeed, the length ¢ of a shortest escape path from a forest F is the largest
number s for which F' is a cover for all arcs of length s.
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The broadworm Bellman asked in particular about a forest in the shape of an infinite
strip of unit width. The shortest escape path, pictured bold in FIGURE 6, was described
in 1961 by Zalgaller [62], rediscovered in 1968 by Schaer [45] (who named it the
“broadworm” because it is the curve whose minimum width is as large as possible
for curves of given length), discovered again 1986 by Klotzler [31, 32] (who called it
the “universal escape curve”), and rediscovered again in 1989 by Adhikari and Pitman
(who called it the “caliper”) [1]. We sketch Schaer’s description of the unit broadworm
(from Schaer [45]).

i
Q

=)

—

et e |
i”’ —dy =

Figure 6 The unit broadworm

The broadworm of length 1 is formed by four line segments and two circular arcs
as shown, where (switching briefly to radians),

1 4 1 17
o = arcsin [6 + 3 sin (5 arcsin a)] =~ 0.290046,

1
y = arctan <§ sec a) ~ (0.480931,

B = % —a—2y ~ 0318888, and

1
ay = by sec a =~ 0.458058, by = 3 (B +tana + tany)~" ~ 0.438925,

expressions that arise from the trigonometric solution of the cubic that appears in an
extremum problem. The angle at the top of the broadworm is about 69.8°, and the
minimum width of the curve is the vertical height by.

By duality, the shortest curve with given minimal width is the broadworm, suitably
scaled. The shortest escape path for the infinite strip of width one is the broadworm
scaled to have minimal width 1, whose length is 1/by & 2.278292. This path is also
the best escape path for oblong rectangular forests, namely, 1 x r rectangular forests

for which r > /by 2 — 1 »2.047099 (see Finch and Wetzel [17)).

EXERCISE 7. Show that the best escape curve for a 1 X r rectangular forest with
r< ,/bo_2 — 1 is a line segment of length /1 + r2.

At this point we return to Moser’s worm problem and consider the area bounds (3).
Let C be the family of all curves of length one. A convex cover for C must, in particular,
cover the line segment of length one and also the unit broadworm, so its diameter must
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be at least 1 and its width in the direction perpendicular to the diameter must be at
least by. Consequently its area must be at least (by x 1)/2 ~ 0.21946 (Schaer and
Wetzel [46], Chakerian and Klamkin [9]).

The upper bound is the area of the smallest cover for C presently known, the
trimmed quadrilateral pictured in FIGURE S found by Norwood, Poole, and Laidacker
[42] in 1992. Two equilateral triangles with altitude 1/2 are joined at the base, and a
corner is pruned off the resulting rhombus by a circular arc. This cover is probably not
minimal.

Worm problems have considerable appeal for amateurs. In 1996, Stewart [SO0,
pp- 98-99] devoted a Scientific American Mathematical Recreations column entitled
“Mother worm’s blanket” to insightful work by one David Reynolds, then a software
engineer at the Credence Systems Corporation. Reynolds was reported to have found
a cover with area about 0.239. The claim was withdrawn a few months later when a
reader found a zigzag curve of length 1 that does not fit in Reynold’s proposed cover.

The problem has been studied in higher dimensions, too, where Stewart [49] asks
for the “smallest sleeping bag for a baby snake.” Schaer and Wetzel [46] showed that
the cube with principal diagonal 1 in R is such a sleeping bag. In R a cube of diagonal
1 has volume about 0.19245. Lindstrém [35] found a convex cover in R* whose volume
is about 0.15953; but the smallest (convex) sleeping bag in R* presently known, pub-
lished in 2001 by Hastad, Linusson, and Wistlund [23], has volume about 0.075803.
The probable shape of the broadworm in R?, that is, the curve in R? of length one
whose minimum width is as large as possible, was described in 1994 by Zalgaller
[63], but nothing is known in R? for d > 4.

Worm covers of prescribed shape

Many partial results for covers of given shape can be found in the literature, but best
possible results are scarce. We continue to write C for the family of all arcs of unit
length.

EXERCISE 8. Show that every curve in C lies in a disk of diameter 1. [Answer on
page 398.]

The smallest semidisk cover for C (that is, the region bounded by a semicircle and
its diameter) has diameter 1. Meir’s elegant proof of this fact, reported in Wetzel [57],
also works in higher dimensions [53] and shows that the semiball (bounded by a hemi-
sphere of radius 1/2 and a hyperplane through its center) is a cover for the family of
all curves of length 1. Reynolds (see Stewart [S0]) gives a very nice argument for this
result in the plane.

The smallest square cover for C has side 1/+/2 and area 0.5; the smallest rectangu-

lar coveris by x /(1 — bg) and has area about 0.3944. With area about 0.3927, Meir’s

semidisk is a little smaller than this smallest rectangle.

Norwood, Poole, and Laidacker [42] conjectured that a 30°-60°-90° right triangle
large enough to contain a square of side 1/3 with a corner at the right angle is a cover
for C. This was recently disproved by Dr. Eric Ferguson, a retired engineer living in
Eindhoven, The Netherlands, who noted in an email message on March 10, 2000 that
the “staple,” formed by three segments each of length 1/3 at angles of 91°, does not fit.
Norwood, Poole, and Laidacker also mention two conjectures that I made in the early
1970s, neither of which has been resolved:

CONJECTURE 1. (WETZEL) The circular sector with angle 30° and radius 1 is a
cover for C.
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The area of this sector is /12 =~ 0.26180.

CONJECTURE 2. (WETZEL) The smallest 30°-60°-90° right triangle that contains
a square of side 1/3 resting on its hypotenuse is a cover for C.

The hypotenuse of this right triangle is (3 + 4+/3)/9 = 1.10313, its legs are (3 +
4~/§)/18 ~ 0.55157 and (4 + «/g)/6 ~ 0.955342, and its area is (24 + 19+/3)216 ~
0.26347.

EXERCISE 9. Prove that a semicircle of length 1 fits into the region in each of these
conjectures.

The most frustrating conjecture concerning covers for C of prescribed shape is the
dual of a conjecture made by Besicovitch 35 years ago in response to a question posed
by Graham [22, p. 98]: Find the shortest arc in the plane that does not fit in an open
equilateral triangle of side 1. (In terms of the “lost in the forest” metaphor, the prob-
lem is to find the shortest escape path from an equilateral-triangular forest of side 1.)
Besicovitch [4] described a three-segment polygonal arc of length /27/28 < 1 that
does not fit in an open equilateral triangle of side 1, and he conjectured that every
shorter arc can be covered by the closed equilateral triangle of side 1.

B D
—
A C

Figure 7 The Besicovitch Z

This so-called Besicovitch Z (FIGURE 7) is the centrally symmetric three-segment
unit polygonal arc ABCD with AB = BC = CD = /3/28, AB | CD, and ZCAB =
arcsin 1/4/28 =~ 10.9°. (Besicovitch determined the length numerically; the radical
expression was found by Steven Knox in 1994.) The dual of Graham’s question is
a covering problem, and for it the Besicovitch conjecture amounts to the following:

CONIJECTURE 3. (BESICOVITCH [4]) The smallest equilateral triangle that cov-
ers C has side +/28/27 ~ 1.01835.

It is known that any arc of length 1 that cannot be covered by the equilateral triangle
with side 4/28/27 must be a zigzag in the sense that it crosses the (open) line segment
that joins its endpoints. A bit more can be said, but a proof of the general Besicovitch
conjecture, which is almost certainly true, remains frustratingly beyond grasp.

The same question can be asked for triangles of any shape. Here, for example, is
the analogous conjecture for isosceles right triangles:

CONIJECTURE 4. The smallest isosceles right triangle that covers C has hypotenuse

+/10/9 = 1.05400.

The analogue of Besicovitch’s problem in higher dimensions is unexplored: Find
the smallest regular simplex that can cover every arc of length one in R?, or, equiv-
alently, find the shortest arc that cannot be covered by an (open) regular simplex of
side 1. One could ask the same question for the Platonic solids or, indeed, for any
polytope in any dimension.

Covers for other families of curves

Similar questions have been asked for other families of curves (and indeed for other
collections of figures), but few have been answered.
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Convex arcs of unit length Let C be the collection of all convex unit arcs (that is,
simple arcs of length one that lie on the boundary of their convex hull). Every such arc
lies in an isosceles right triangle with hypotenuse 1, whose area is 1/4.

EXERCISE 10. Show that every convex unit arc lies in some isosceles right triangle
of hypotenuse 1. (Suggestion: pause and reflect. See Moser [39, pp. 218-19], and
Johnson, Poole, and Wetzel [28].)

H

A B

L I -

Figure 8 The smallest known cover for convex unit arcs

But tall arcs can be turned, so some of the space near the right angle vertex isn’t
needed. One can show that the isosceles right triangle ABC with hypotenuse AB of
length 1 can be clipped parallel to AB at height MH = /2/3 = 0.47140to give a cover

for C whose area is (— — —\/_ 2)? &2 0.00082 smaller than 1/4. The smallest cover forC
presently known, p1ctured in FIGURE 8, was recently described by Johnson, Poole, and
Wetzel [28]. The points F and G are above the trisection points of the hypotenuse,
and the boundary arcs FH and GH are symmetric in the median line M H, parabolic
with axes vertical, tangent at F and G, and rise to the point H. This cover has area
about 0.24656. Perhaps one can further clip down to the height of the broadworm,
by ~ 0.4389, indicated by the dashed line.*

No better lower bound for the area of covers for C than the one for Moser’s problem
is known, so the least area of a cover for C lies between 0.21946 and 0.24656.

Closed curves of unit length The collection Cq of all closed curves of length 1 is
also of particular interest. The best estimate in the literature for the least area p of a
cover for the collection Cy is 0.09633 < py < 0.12274 (Chakerian and Klamkin [9],
Schaer and Wetzel [46]). Z. Fiiredi and I have recently improved these bounds slightly
t0 0.09667 < po < 0.11754, but the gap remains wide.

Some results are known for covers of prescribed shapes for Cy. Somewhat surpris-
ingly, the smallest triangular cover for Cy of any given similarity class is known. It
follows from an averaging inequality due to Eggleston [14, 157-58] that a triangle T
is a cover for Cy if and only if its incircle has circumference 1 (see Wetzel [54, 60]).
The smallest of these covering triangles is equilateral with side ~/3/7, and its area is
about 0.13162. The smallest rectangular cover (Schaer and Wetzel [46)) for Cy is the
1/ x /7% — 4/27 rectangle, whose area is about 0.12274.

Triangles of unit perimeter The family 7, of triangles of perimeter 1 is of interest
for itself, but studying it might also give some insights into the family Cy. It is easy

*Added in proofs: Wacharin Wichiramala has found a cover for the family C that is a few ten-thousandths
smaller.
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to show that the smallest disk that covers 7 has diameter 1/2. Wetzel [59] found the
smallest equilateral triangle that is a cover for 7.

EXERCISE 11. Find the rectangular cover for 1, that has least area. (See Wet-
zel [52]. [Answer on page 398.]

The smallest convex cover for this family has recently been found, so there may be
some hope that the problem for the family C, of all closed curves of length 1 might
eventually yield. It is interesting that the smallest cover turns out to be a triangle! This
smallest cover has area about 0.072375.

THEOREM 4. (FUREDI AND WETZEL [20]) The smallest convex set in the plane
that contains a congruent copy of every triangle of perimeter 1 is the triangle T =
ABC with AB = 1/3, ZB = 60°, and BC = sy, where s, be the maximum of the
trigonometric function

fo) = L28in(m +9)
3(1+sin36)

on the interval [0, 7 /3].

A little numerical work shows that s =~ 0.50143. As with most results of this kind, the
proof, which relies only on trigonometry and a bit of the calculus, is entirely elemen-
tary.

Triangles of unit diameter The collection 7; of all triangles of diameter 1 is also of
interest. Twenty years ago, M. D. Kovalev [33] showed, somewhat surprisingly, that
the unique smallest convex cover for 7; is a certain triangle. In [5§9] Wetzel remarked
that the smallest equilateral triangular cover for the family 7; has side (2 cos 10°)/ «/5,
and Fiiredi and Wetzel [20] used this result to give a different proof of Kovalev’s result.
More generally, Yuan and Ding [61] have recently found the smallest triangular cover
of prescribed similarity class that is a cover for 7.

The general worm problem

This situation can be formulated in considerable generality. We continue with the
plane, but analogous questions can, of course, be asked in arbitrary dimensions.

A collection C of plane figures F and a transitive group G of motions of the plane
are given. Find a minimal convex target set T (minimal in the sense of having
least area, perimeter, or whatever) so that for each F € C there is a motion
€ Gwithu(F) CT. Wecall T a G-cover for C.

If the collection C is called the can and the figures are called worms, posing a problem
of this kind is “opening a can of worms.” Existence of G-covers can be guaranteed
under certain natural hypotheses by fundamental compactness results like the Blaschke
Selection Theorem. See, for example, Kelly and Weiss [30]. Unfortunately, little more
is known in this generality.

Sometimes the subgroup of all direct (that is, orientation preserving) motions is ap-
propriate, when the problem does not permit an arc to be replaced by its mirror image.
For other problems (including the original Moser worm problem) opposite (that is,
orientation reversing) motions are permitted. Various problems for which the motion
group is the group of translations have been studied in the literature. See, for example,
Croft, Falconer, and Guy [11], Bezdek and Connelly [S], Wetzel [57].
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The nonconvex case Ifthe target set is not assumed convex, the context of the prob-
lem changes dramatically, from geometric to measure-theoretic or fractal, and “area”
or “measure” are supplemented or even replaced by questions about the Hausdorff
measure and Hausdorff dimension. The smallest convex set that contains a unit line
segment in every direction (that is, that contains a translate of every line segment of
length one) is the equilateral triangle of altitude 1 (P4l [43]), but Besicovitch has de-
scribed a set of Lebesgue measure zero having the same property. The smallest convex
set that contains a congruent copy of every rectangle whose sides are at most one is the
unit square, but the Cantor Tartan, T = (K x I)U (I x K), where K is the classical
Cantor “middle third” set in the interval / = [0, 1], also has this property and has mea-
sure 0. More generally, Jones and Schaer [29] have shown that for each ¢ > 0 there is
a set of measure less than ¢ that contains a congruent copy of every polygonal arc; and
Davies [12] has shown the existence of such a set having measure zero! On the other
hand, Marstrand [37] (see also [11, pp. 174-75]) has shown that every measurable set
that is a cover of the collection C of all curves of length one must have positive mea-
sure. Perhaps for each ¢ > 0 there is such a cover with measure less than ¢, but if true,
this likely lies quite deep. Falconer’s book [15, §7.4] offers a glimpse of this difficult
material.

Note

This article is a revised and expanded version of a survey lecture given at the University
of Illinois April 30, 2001 and at Eastern Illinois University August 17, 2001.
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The Operator (x%)"

and Its Applications to Series

PETER M. KNOPF
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Pleasantville, NY 10570
pknopf@pace.edu

My research into the operator (xd—d;)" has been a mathematical adventure. It led me
to the rare book collection at Columbia University in Manhattan, where I read books
written in the 18th century that were literally falling apart in my hands. Independently,
I discovered how to obtain the full Maclaurin series of the elementary trigonometric
functions other than the sine and cosine. I used the operator to sum familiar series from
calculus that can’t be summed using the standard techniques covered in a calculus
course. Although the operator (x%)” is unfamiliar to many, it has a surprising number
of applications. As far back as 1740, Leonhard Euler used the operator as a tool in his
work [1, pp. 1080-1081]. This article is devoted to applications of this operator that
may interest students of calculus.

As a natural starting point, consider the infinite series Y _ -, k"x* that frequently
arises in calculus, at least for particular values of x and n. The focus in calculus is
often to determine the domain of convergence. What about the exact sum? If n = 0,
we have the familiar geometric series

= 1
Y x = : (1
= 1—x

for —1 < x < 1. To handle n = 1, we apply the operator xa"; to each side of equa-
tion (1) to obtain

o0
kak =x(1 —x)7?
k=0

for —1 < x < 1. To find the sum for any positive integer value of n takes some work.
If we apply the operator x% n times, which we denote by the symbol (x (;ix)", to
equation (1) we have

= d\" 1
Sre- () ()
paar dx 1 —x

Once we determine the result of the action of the operator (x%)" on the function
(1 —x)~!, we will have the desired sum.

Stirling numbers of the second kind and summing infinite series

All of the applications in this paper hinge on the effect of the operator (xdix-)" ona
function. For an arbitrary infinitely differentiable function f, let’s check by induction

that
d\" . &[] kdSf
(xa) f(x)—Z{k}x pprs 3

k=1
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where {"} are constants, which for the time being are unknown. In this paper, I will

refer to (3) as the main formula. The coefficients {}} are known as Stirling numbers of
the second kind. They are of particular interest to specialists in combinatorics, because
{:} is equal to the number of ways a set of n objects can be partitioned into k nonempty
subsets [2, Section 8.2].

For n = 1, the formula is obviously true with {i} = 1. Assume that (3) is true for a
particular value of n and apply the product rule to find

d n+1 n dkf dk+1f
(E) f(")zz({k} dx* +[k} Hldkﬂ)

k=1

n dkf n+1dn+1f

{ } +Z( { ] {k— 1}) dx* +{n}" e
Thus, the formula is true forn + 1, as long as we set {"1'} = {1}, {"“;1} =k{?} +{,",}
fork=2,...,n,and {"“} = {:} Since {}} = 1, we immediately obtain {'1'} = 1land

n+1
Z} =1forn > 1.
The Stirling numbers are easy to compute, as we will show that they satisfy

n| e (=DF
[k} =2 = @

j=1

for 1 <k <n and n > 1. To establish (4), we will follow a proof of Heinrich Fer-
dinand Scherk from 1824 [6]. Although this proof originally appeared in 1824, it is
reproduced in Scherk’s book Mathematische Abhandlungen from 1825 [7, pp. 11-14].
The book gives a more expanded and accessible treatment of his work.

Scherk was considering a problem slightly different from ours. Given a function

f(x) and letting x = ¢”, he obtained an equation for the nth derivative ‘;:{ in terms

A k . . Lo
of the first n derivatives {d—é} - It is easy to see that this equation is the same as our

main formula, if one substitutes —l for (x d )” f (x). Following in Scherk’s footsteps,

we apply the operator (x-% )" to each side of the identity e* = Y % j=0 x//j! and use the
main formula to obtain

e Z{ } jx, )

jV

Multiplying both sides of (5) by e~ and substituting the Maclaurin series for e™*
gives

NHEED e

po pr S ilj!
Changing the summation variable from i to k, where k =i + j results in
(=D
M EED 3 WA ©
= =ik~ J)

Equating corresponding coefficients of x* in (6) for k = 1, ... , n gives (4), as de-
sired.
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We return to the question of summing the series Y o, k" x*. Since di:; ((1 -x) )=
k! (1 — x)7*=1, applying (2) and the main formula gives the sum of the series:

o n n
k"x* = k![ ]x"(l —x)* for —1<x<l.

Another class of series studied in calculus is Y, k"x* /k!, usually for particular
values of x and n. We can sum this series easily by applying the operator (x Ed;)” to the
identity Yo, x*/ k! = ¢*. Invoking the main formula gives the desired sum:

Ooknk n
Zkf =e’Z{Z}x" for —o0 < x < 00.

k=1

Maclaurin series

As mentioned in the introduction, the Maclaurin series for sine and cosine are easy to
obtain, but the other elementary trigonometric functions present more of a challenge.
In 1671, James Gregory wrote in a correspondence to John Collins [9, pp. 61-64] that
he had obtained the Maclaurin series for tan x and sec x. However, no record of his
derivations survives. Some eighty years later, Euler obtained the Maclaurin series for
tanx, x cotx, and x cscx in terms of Bernoulli numbers [3, pp. 540-543]. He also
obtained the Maclaurin series for sec x, where each of the coefficients is expressed as
an infinite sum [3, pp. 543-545]. Our approach will be in the spirit of Scherk’s work
from 1825 [7, p. 25].

To get my hands on these old manuscripts, I took a train into Manhattan and caught
the subway from Grand Central Station to 116th Street, finding the rare book collec-
tion on the top floor of Butler Library at Columbia University.* Materials can only be
viewed in a glass-walled room, under the watchful eye of a vigilant librarian. Once
retrieved from the archive, books must be perched on special foam bases to protect
their bindings. I had little difficulty deciphering the mathematics, since the notation,
even in the 18th century, was remarkably similar to modern day usage, but the Latin
was sometimes a challenge. One old book had deteriorated so badly that several small
pieces of the binding fell off, despite all my care.

The approach in this paper arises from that trip back in time via original manuscripts,
mixing methods that Scherk used with some that I developed independently to produce
relatively streamlined results and proofs (with some help from a referee). The methods
to obtain the Maclaurin series for tanx, x cotx, and x csc x resemble one another.
Obtaining the Maclaurin series for sec x offers an extra twist.

Maclaurin series for tanx In order to obtain the Maclaurin series for the tangent
function, Scherk starts with the identity tanx = —i — (¢* 4+ i)~ + (¢"* —i)~! and
uses his analogue to our main formula (3) to compute the higher derivatives of tan x.
His form for the nth coefficient of the Maclaurin series of tan x involves the quantities
sin((k + 1)z /4) for k = 1, ..., n. We prefer the identity
2i
e2ix + 1
*EDITOR’S NOTE: Readers inspired to view original sources for themselves—rare and often beautiful vol-
umes in the history of mathematics—may find it worth traveling to visit one of the great collections. Among them
are: the Burndy Library of the Dibner Institute at MIT, the Lownes Collection at Brown University, the Linda

Hall Library in Kansas City, the John Crerar Library at the University of Chicago, and the Barchas Collection at
Stanford.

tanx =

i, )
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since it yields a simpler form for the Maclaurin series. This identity is easily obtained
from Euler’s formulas sin x = (e’* — e~*)/2i and cos x = (e’* + e~**) /2. In order to
derive the nth coefficients of the tangent and other trigonometric functions, we will
find the following formula useful:

d 1 ( l)kk'

8
dz" (ez + 1) lz=0 =, 2k ®
where z may be complex-valued. To prove (8), let u = e¢* and define f,(u) =

Ly (u+ 1)7". Since % = u, the chain rule gives 4=(e? + 1)™! = f,(¢?). By

the main formula (3), we have

d" 1 _ n n . ~ ) ] e
i (ezH)—Z{k}(e)( DEK! (eF + 1)7%1,

k=1

which gives (8) after evaluating at z = 0.
We now easily obtain the coefficients for the Maclaurin series of the tangent func-
tion. Letting z = 2ix and referring to (7) and (8), we have

da nt1 & a 1 n+1 - kon—kp |1
e (tan x) |x—o= (2i) a7 (ez+ 1) l=0=1 ;(—1) 2" k! el ©)]

Since tan x is real-valued, (9) is zero for even n. Thus the Maclaurin series for tan x
is

2n

+

>

n=0

1(_1)n+k+122n—k+lk! 2n+1 x2n+1_
2n + 1)! k

=~
Il

1

One can also find this form for the Maclaurin series in Schwatt’s book, An Intro-
duction to the Operations with Series [8]. His book includes most of our results, along
with a wealth of information on series. However, his methods are less tidy.

Maclaurin series for x cotx The function cotx does not have a Maclaurin series
since it is not defined at x = 0. On the other hand, the function x cot x does, since

coS x 1- —x +
xXcotx = — = ,
(sin x)/x 1 - 3!xz + gx -

and we extend x cot x to equal 1 for x = 0. By a method similar to Scherk’s [7, p. 29],
we will obtain the Maclaurin series for x cot x, using a result of Laplace [S, pp. 108-

109]:
d" z -n 4! 1
lim — - o, 10
0dz" (ez - 1) 2~ 1dz- (ez + 1) =0 1o

where z may be complex-valued. To obtain (10) we differentiate n times the identity
2z/(e®* — 1) =z/(e* — 1) — z/(e* + 1) and let z — 0, so that

a" 2z da" z d" Z
lim— =i _ % Vs
n0dzn <e2z — 1) 0dz" <ez _ 1) dz" (ez+ 1) le=0 (1n

Letting u = 2z, by the chain rule it is immediate that

d" 2z PR u
Nz (eh - 1) = T (e“ - 1)' (12)
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Substituting (12) into (11) and rearranging, we have

(2 1 a2z
I - . 13
s0dz" (ez - 1) 2"~ 1dz (ez n 1) le=0 (13)

It is easy to check that any infinitely differentiable function f satisfies

n—1

d n—1

(zf(z) f@). (14)

Applying (14) to the function f(z) = (¢* + 1)~! and substituting this result into (13)
gives Laplace’s result.

To obtain the Maclaurin series for x cot x, we express this function in the form
xcotx = 2ix/(e** — 1) +ix. If we let z = 2ix, it is obvious that

dn d’l
lim = (xcotx) = Qi)'lim == (ezz_ 1) (15)
forn > 2. By (8) and (10) we see that
. d" —(2:)" =Dk (n—1
lim—— (xcotx) = — = ;‘ S : (16)

Since x cot x is real, the right side of (16) equals zero when n is odd. We conclude
that the Maclaurin series for x cot x is

: i(—l)"“ZZ"nxz"z”"(—1)"k! 2n—1
— (2 —1)(2n)! &= 2% 2 N

Maclaurin series for x cscx In order to obtain the Maclaurin series for x csc x, we
express this function as x cscx = ix/(e'* + 1) +ix/(e'* — 1). The reader can adapt
our techniques to verify that the Maclaurin series for x csc x is

- i(-1)"(22" — 2)nx? R (—1)*k! {Zn - 1].

@ -1Q2n)! = 2t k
Maclaurin series for secx The techniques used above would give the Maclau-
rin series for the secant function, but the nth coefficient of the series would in-
volve the awkward quantity cos((k + 1) /4) for k = 1,...,n. This is the result
in Scherk’s book [7, p. 18]. Using a somewhat different approach, we will find
a cleaner form for its Maclaurin series. We write secx = 2¢'*/(e** + 1). Define
gn(u) = (uE)" (u/(u? + 1)) and note that

n

d .
(secx) = 2i"g,(e'™) a7
dxn

by the chain rule. We will show that

g.(u) = Za,,kL¢2"+'(142 + )% where (18)

e = Z( 1>f( )(21 +1) (19)
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fork=0,1,...,nand (,) are binomial coefficients. It is trivial to show by induction
that (18) is true, where a,0 = 1 and the a,; are constants, similar to the way we verified
the main formula. At least I believe you will find this step trivial. But as some of
you may not know, mathematicians are notorious for abusing the term trivial. Often
trivial is not so trivial. The renowned physicist Richard Feynman [4], after listening to
the interchange between mathematicians during tea time at Princeton, concluded that
trivial simply means proved.

To prove that the a,; satisfy equation (19), we first express u(u? + 1)~! in its
Maclaurin series form Z;’f’;o(— 1)/u?/*! and then express g, («) as a power series:

d\" i
gn(u>=(u3l;) (uz +1) Z( 1Y Q) + D', (20)

Using the form of g, (1) given by (18) and writing («*> + 1)*~! as a Maclaurin series,
we canalso represent g, (1) as

g () = Zanku2k+12(—1)i (k z— l)u2i.
=0 i=0

Making the change of summation from i to j with j = k + i, we obtain

gn(u) = ZZ( 1)/~ "( )a W ZZ( 1>f-"() WL @

j=0 k=0 j=n+1k=0

Setting corresponding coefficients of 1%/ +1in (20) and (21) equal for j = 0, 1, ... ,n,
we have

j .
Qj+1)" =) (=D (i)ank. (22)
k=0

We next use the following mathematical tidbit that I would like to thank the referee for
bringing to my attention. For any sequences {v j};fzo and {wy};_, it is true that

w; = Z(i)(—l)"vk forall j =0,... ,n <

k .
Uk=Z<j>(—1)’wjforallk=O,... ,n. (23)

j=0

By the symmetry of the relationship between v; and wy, it is enough to prove (23) in
just one direction (say =). So we assume that the left side of the biconditional (23) is
true, and prove that the right side of (23) is true. Observe that

3 RS 0 R

j=0 1=0

-3 ()t i)

J=t

E B0

j=i
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By the binomial theorem

k .
0=(1-1 = Z(". - ’.)(—l)f-"

=R

fori =0, ...,k — 1 and so (23) follows.
Choosing w; = (2j + 1)" and v, = a, in (23) gives (19), as we wished to show.
Evaluating equation (17) at x = 0 and referring to (18), we have

n

dxn

n
(secx) o= ") _am2™*.
k=0

Hence the Maclaurin series for sec x is

00 (_l)nx2n 2n »
; (2")’ ;aZn.kz .

On a lighter note, 18th and early 19th century mathematicians were interested in
the computational aspects of their formulas. So, they would often include in their pa-
pers lists of values of relevant quantities. After having obtained a Maclaurin series for
sec x, Euler listed the coefficients for the series up to the term x'® [3, p. 542]. Scherk
discovered that Euler had miscalculated the coefficient for x'® [7, footnote on p. 7].
Scherk remarks that this value of the coefficient was reproduced in numerous subse-
quent publications without any of the authors checking Euler’s calculations, perhaps
because the respect for Euler was so great.

Bernoulli numbers

The Bernoulli numbers B,, introduced by James Bernoulli in 1713, are widely used in
mathematics. Just to mention two examples, an extension of Stirling’s formula allows
us to compute n! to arbitrarily good precision:

n\” ad sz
' = — - =
n! (e) v 2mwn exp [; 2k — 1)2kn2"—1:|

and Euler discovered that the zeta function ¢ (z) = Y .-, n~¢ evaluated at the positive
even integers 2k satisfies

(=D 2n)* By

2k) =
£@h) 2(2k)!
The Bernoulli numbers are defined by
x 2. B,x"
e‘—:1=2_(2 n! @4

Since the right side of (24) is simply the Maclaurin series for x/(¢* — 1), we must

have
B, = lim 2 * ).
x—=>0dx" \e* — 1
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Applying (8) and (10), we immediately obtain a formula for computing the
Bernoulli numbers:

B, =

n (D% (-1
2 —1 2+ k|

k=1
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75 Years Ago in the MAGAZINE
(called, at that time, the Mathematics News Letter)

A.C. Maddox, The minimum training prerequisite to the successful pursuit of
college mathematical study, Vol. 3, No. 4, (Dec., 1928), 14-19:

A student is not studying college mathematics successfully if he habitually
commits errors in simple computation, particularly if he usually fails to
detect the errors.

He cannot reasonably be regarded as successful in his college mathe-
matical study if he rarely remembers, or if he never deigns, to check the
results of his exercise and problem solutions except by reference to answer
books.

He is certainly not really successful in college mathematical endeavors
as long as he is tenaciously antagonistic toward the subject of mathematics.

He is really not succeeding in the college mathematical field if he never
experiences any thrills from mathematical adventures.

Apart from the relentless gender pronouns, which the modern ear finds grating,
these seventy-five year old thoughts do not seem particularly out of date.
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We all know everything about quadratic equations, don’t we? Well maybe, but here is
a question which, at least for me, did not have an obvious answer:

Given two quadratic equations,
ax’+bx+c=0 and Ax’4+Bx+C=0

(where a # 0 and A # 0) when do they have a common root? That is, what
condition or conditions on the coefficients a, b, ¢, A, B, and C will assure us
that there is a value r such that

ar*+br+c=Ar*+Br+C=0? 6))

The analogous question, for cubics, was asked by Isaac Newton. D. T. Whiteside, in
his masterful edition of Newton’s papers, dates the work to early 1665, when Newton
would have been 22 years old.

Newton introduced his inquiry by saying

“For taking of unknowne quantitys out of intricate Equations it may bee conve-
nient to have severall formes.” [8, p. 517]

A modern paraphrase of Newton’s remark might be that it is valuable to have “several
different ways of looking at things.” Although we will work with quadratic equations
instead of the cubics Newton asked about, the insight gained will be much the same,
and the attendant computations will be less tedious. When we are finished you should
be able to do the cubic for yourself, if you so desire, and compare your answer to
Newton’s. In the course of our investigation, we will discover something that is worth
much more than a simple solution to our problem. We will find evidence of this in
another source, the work of Lagrange on the cubic and quartic equations.

I have taught classes on the history of mathematics three times, and none of the
students in any of those classes had encountered this material before. Indeed, I first
encountered these ideas in a historical context, reading about the work of Newton.
However, seventy or so years ago, when a course called the “Theory of Equations”
was still common, this would probably not have been the case. Although the course is
all but extinct, I hope that you will find these ideas from it to be natural, accessible,
and exciting.

The resultant of two quadratics

Since we may divide our quadratic equations by their leading coefficients, we may as
well assume we are starting with the equations

f(x)=x2+dx+e=0 and g(x)=x2+Dx+E=0.
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Polynomials like these, whose leading coefficient is one, are called monic polynomials.
Now the equation

fx)=x*+dx+e=0

has two roots, which we shall call r; and r,. They may be the same or different, real or
complex. We are interested in the case when one or both of these roots is also a root of
the other quadratic equation, g(x) = 0.

To say that r; or r;, are roots of g means that

gr)=ri+Dri+E=0 or gr) =r}+Dr, + E=0.

Can we express these two equations as a single equation? If g(r;) = 0 or g(r,) =0,
we must always have g(r;) - g(r;) = 0. That is, g will have a root in common with f
if and only if

(r}+ Dr)+ E)r?+ Dr, + E) =0.
Multiply this out. We get nine terms, which we combine by the coefficients of g:
riry + Drira + rird) + EGl 4+ 1)) + D*riry+ DE(ri + 1) + E2=0.  (2)

We now have a condition for the two quadratic equations, f and g, to share a root.
However, it is written in terms of the roots of f and the coefficients of g. We want
only coefficients, so we must replace the roots of f with an expression in terms of its
coefficients. To say that r; and r, are roots of f is the same as saying that f factors as

fX)=x*+dx+e=(x—r)x—r).
Multiplying the right-hand side and grouping terms gives
x*4+dx+e=x*—(rn+r)x+nn 3)
so that by equating coefficients we have
ry+r=-—d (€))]
and
rir, =e. 4

This shows that we can write the expressions r; + r, and r;r, using the coefficients
of f(x). The expressions using r; and r, in (2) are more complicated. The critical
question is: Can we use (4) and (5) to replace all the expressions involving roots r; and
r, in (2) with the coefficients d and e? The answer is yes. You might try it now, and we
will do most of the calculations ourselves shortly. However, because this is the heart
of the issue, we first would like to discuss the special sort of expressions that appear
in (2). Since we want you to think of them as polynomials, we will write them down
again, replacing r; with p and r, with g. These expressions are then

p’q*, p’q +pqd*, p* +4°% pq, and p +gq.

Whatis special about these polynomials? The first thing that you might noticeis thatin
the polynomials with multiple terms, the degree of each term is the same. We call such
polynomials homogeneous. However, we are more interested in the fact that all these
polynomials are symmetric. A symmetric polynomial is unchanged by exchanging or
interchanging the variables that occur in it. In more precise but less accessible lan-
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guage they are “invariant under permutations of the variables.” Here we have only two
variables, so there is only one nontrivial permutation possible, exchanging p and q.
Observe that all of the polynomials in our list are unchanged by this permutation. For
instance, for the second polynomial in our list above we get

PP g + p g
N I
9> p + q p-

So the polynomial p2q + pg? acted on by the permutation that exchanges p and g
becomes g%p + gp?, which, of course, is exactly the same. (The polynomial p> + p +
q + q* is symmetric but not homogeneous, while the polynomial p? + pgq is homoge-
neous without being symmetric, so these two concepts are distinct.)

We would like to write the symmetric expressions occurring in (2), or generally any
symmetric polynomial, in terms of certain special symmetric polynomials represented,
in the case of two variables, by (4) and (5). These special symmetric polynomials are
called the elementary symmetric polynomials. In any monic polynomial equation (for
example, x2 + ax + b = 0 or x> + ax? 4+ bx + ¢ = 0), we can always express the
coefficients (a, b, c, etc.), up to sign, as an elementary symmetric polynomial evaluated
at the roots of the monic polynomial.

For example, consider the third degree monic polynomial

3
0=x"—o01x; + 02x — 03.

(Notice the alternating signs and unusual choice of subscripts; the reason for this will
be evident shortly.) Such a polynomial should have three roots (which may be the
same, real or complex), which we refer to as r1, r, and r3. Then the polynomial should
factor as

X - o1 X2 +0x —03 = (x —r))(x —r)(x —r3).

If we multiply the right-hand side and compare like terms we find that

oy=ri+r+nr
Oy =rirp +rir3+ryry  and
O3 = rrnrs.
The polynomial expressions on the right-hand side of these equations are the elemen-
tary symmetric polynomials for three variables ry, r;, and r3. These polynomials re-
flect the way the roots are coded into the coefficients. In the case of four variables they
would be
oy=rn+r+rit+r (6)
Oy =nry+riry+ rirg+rars+rrs+rry
o3 =rryr3 + rirars + rirars + rariry and
04 = I'1Iprary.
We hope the pattern is now visible: In n variables the kth elementary symmetric poly-

nomial, oy, is the sum of all possible monomials of k distinct variables. Thus, oy is
always homogeneous with each term of degree k.
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Let A(x;, x2, ..., x;) be a polynomial in the variables x;, x,, ..., x,;. If we replace
each variable x; with an elementary symmetric polynomial o;, written in terms of the
x;s, then the resulting polynomial

h(ah 02y o0y Gt)

is symmetric in the quantities x;, messy though it may be. Remarkably, any symmetric
polynomial in n variables can always be expressed as a polynomial evaluated at the
elementary symmetric polynomials. This is the content of the Fundamental Theorem
of Symmetric Polynomials. A nice discussion, including a statement and an inductive
proof of the theorem appears in Edward’s book Galois Theory [4, p. 9].

Let’s see how this works for our problem. As we saw, the coefficients d = —07 =
—(ry + ;) and e = 0, = ryr, of f(x), are (with one sign change) just the elementary
symmetric polynomials evaluated at the roots. The polynomials occurring in (2) are
symmetric, and so the Fundamental Theorem of Symmetric Polynomials assures us
that we can write them in terms of the elementary symmetric polynomials, or their
proxies, d and e. For example, the expression rir, + rir; can be written

riry+riry = rin(r +r)

= —de.
The only other expression in (2) that presents any difficulty is
ri4ry=(rn+nr)—2nn
=d* —2e.

The complete list of expressions appearing in (2), written in terms of the coefficients
of f,is:

2.2 _ 2
riry =e

rlzrz + r1r§ = —de
ri+r;=d> —2e
ry+r=-d
rir, =e.
With these substitutions, (2) becomes
€’ + D(—de) + E(d* — 2e) + D*(e) + DE(—d) + E* =0,
or simplified,
e’ —deD + d°E — 2¢E + eD?> —dDE + E*> = 0. @)

The expression on the left is called the resultant of the two quadratic polynomials.
In fact if you type

Resultant[ x~2+d*x+e, x"2+D*x+El, x]

into Mathematica, you will obtain the result we have found here (with E1 replacing E,
which is reserved for 2.71828 ... in Mathematica). Notice that in our version of the
resultant, exchanging the capital with the lower case ds and es leaves it invariant. This
must be the case since the nature of the problem dictates that the two quadratics should
be interchangeable.
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Let’s test the criterion in (7). The quadratic equations

22 45x-3=02x-1D(x+3) =0
and

PIC TN N (M (4x+1)=0
2 2 N

share the root x = 1/2. Therefore the coefficients of these quadratics should make the
resultant zero. To test, we divide by the lead coefficients and then substitute d = 5/2,
e=-3/2, D = —1/4, and E = —1/8 into our formula for the resultant, (7). We

OO
D DO

9 15 25 3 3 5 n 1 0

4 16 32 8 32 64 64
So we have seen that to determine if two quadratic polynomials have a root in com-
mon, we need only to evaluate the resultant, a function of their coefficients, without
actually having to find the roots of the polynomials. There are general formulas for

resultants of any pair of polynomials, and symmetric polynomials lie at the heart of
these too.

Another application of symmetric polynomials

Our second application, which we will give in a more succinct manner, occurs in La-
grange’s paper on the solution of equations [7, sections 30 and 31], which was a pre-
cursor to the work of Galois. We would like to show that if you can solve a general
cubic polynomial equation, then you can also solve the quartic. This can be done di-
rectly [6] but we will take the more general approach that Lagrange introduced. This
work was an important step in introducing the idea of studying polynomial equations
by examining permutations of their roots.
We assume that the four roots of the quartic equation

xt—ax*+bx*—cx+d=0 8)

are ry, r», r3, and ra, so that the coefficients of the equation are just the elementary
symmetric polynomials in those roots, as in (6). Consider the polynomial

riry + rirg.

There are 4! = 24 possible permutations of the roots ry, ..., r4. We are interested in
the effect of these permutations on this polynomial. For instance the permutation

ry ry» r; ra

N

rp r3 ry ra
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converts ryry + r3rs into
rri +r 174
while the permutation

ry r r3 ra

R I

r3s rg 1 np
converts r,r, + rsr4 into the polynomial
rary + rary.

Note that the first permutation changed our polynomial into something different, while
the second actually didn’t change it at all. (For a more detailed analysis of this example
and its importance for group theory, see the article by Roth [11] in this MAGAZINE.)

We now ask how many different forms this polynomial can take under all the per-
mutations of the four roots? We claim that there are only three:

rry+riry,  rir3+rars,  rirg+rari.
We use these three to form a new, cubic polynomial in the variable y:

(y — (rira +r3ra))(y — (rir3 +rarg))(y — (r1ira + rar3)). )]

The important thing about this new polynomial (besides the fact that it is cubic) is that
any permutation of the four roots ry, ...r, will leave it unchanged. That is, the coef-
ficients of this new cubic polynomial will be symmetric polynomials in ry, . ..r4. The
Fundamental Theorem of Symmetric Polynomials, therefore, assures us that its coef-
ficients can be written in terms of the coefficients of the original quartic. Multiplying
out (9) and grouping terms gives us

y3 - (Z rirj) y2 + (Z rizrjrk> y— Zr?rjrkr, — Zr,-zrfr,f

where the sums are over all possible different terms of the given form with the indices
taken from {1, 2, 3, 4} without replacement. As the fundamental theorem assures us,
this can be written as

y® — by* 4 (ac — 4d)y — a*d + 4bd — ¢* = 0. (10

(This is easier to check than to work out—for a derivation of surpassing clarity, read
Lagrange’s version [7].) Lagrange showed that if we know any one of the roots of this
cubic, then we can find all the roots of the quartic. For a somewhat different approach,
read Kiernan [5].

Let’s suppose that we know y = ryr, + r3ry. Recall that from the original quartic,
(8), we also know the coefficient d = ryryr3ry,. Now in a (monic) quadratic equation
the coefficient of the middle (linear) term is the negative of the sum of the roots and
the constant coefficient is the product of the roots (look back at (3)). So we can view
rir, and rsr4 as the roots of the quadratic equation

t*—yt+d=0. (11)
Assume that we have solved this and that we know the two solutions

t'=rir, and t" =rry.
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We also know, from the coefficient of the x term in the quartic, that

C =Tr1rar3 +rirars + rirsrs +rarary
=rira(rs + rq) + r3ra(ry + )
=t'(r3+r)+1t"(r+r) (12)
Using the coefficient of the x* term of the quartic, we find
a=r+rnt+rn+rs = r+rn=a—(+r). (13)
If ¢ # t”, then we can rewrite (12) as
c=t'@—(ri+r)+t"(rn+r)
c—ta=(@r+r) (t” —1')

c—ta
" —t .

r+r,= (14)
(If ¢ = t”, the roots can be extracted from the equations for @ and b, in much the same
way as we proceed to do for the general case. Details are left to the reader.) This shows
that we can compute the sum r; + r;; since we also know the product r;r, = t’, we can
find r; and r, by solving the quadratic equation

Xz_c—t’a

X++¢=0. (15)

" —

Now that we know r; + r,, (13) will give us r; + r4. Since we also know the product
t" = ryr4, we can again solve a quadratic equation to find the last two roots.
As an example, consider the quartic equation

x*—2x* —13x> 4+ 14x +24=0
sothat,a =2,b = —13,c = —14, and d = 24. The associated cubic, (10), is
vy 4+ 13y — 124y — 1540 = 0.

We are assuming that we can find at least one root of this cubic. In general, this
would involve some work, but, since I created this example, let’s just take y = 11.
Our quadratic, (11), becomes

?—11t+24=0,

which has solutions t” = 8 and ¢’ = 3. Therefore, the sum of the roots r; + r, (from
(14)) is

c—ta —14—-(3)Q) _

-1 8-3 —4
so that the quadratic equation for r; and r;, (15), is
X2 4+4X +3=0.
Solving this, we have r; = —1 and r, = —3. Substituting these into (13), we find that

rs4rs=—-2—(—1+-3)=6.
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So the quadratic equation for r3 and r4 is

X*—-6X+8=0,

which we solve to obtain r3; = 2 and r, = 4.

We do not claim that this is a practical way of solving quartic equations. The value
is theoretical. By using permutations of the roots and properties of symmetric poly-
nomials, Lagrange elucidated the internal machinery of the quartic, showing how its
solution is related to that of the cubic. This new way of attacking polynomial equations
helped prepare the way for the triumphs of Galois and is a significant landmark on the
road to modern algebra.
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75 Years Ago in the MAGAZINE
(called, at that time, the Mathematics News Letter)

Editorial comment by S. T. Sanders, Vol. 3, No. 4, (Dec., 1928), p. 2:

Aggressive Mathematics

The rich disciplines of properly directed mathematical study are real enough
to the mathematician. But the genuine lover and student of mathematics is prone
to preoccupation with the object of his affection. Too seldom is he fired with a
missionary zeal to tell the story of these disciplines to those who know them not.
Much less disposed is he to challenge the attitudes of the numberless modern
youths whose hurried social programs are inconsistent with the rigid exactions
of mathematical study. Thus is there need of a certain militancy of attitude on the
part of the professional mathematical worker to all influences which are operat-
ing to discount mathematics.




NOTES

Deconstructing Bases:
Fair, Fitting, and Fast Bases

THOMAS Q. SIBLEY

St. John’s University
Collegeville, MN 56321-3000
tsibley@csbsju.edu

Elementary school students wrestling with decimals quickly realize that not all frac-
tions are created equal. While the relatively awkward fraction 17/32 turns into the
modestly nice finite decimal 0.53125, other seemingly simple ones, like 2/3 =
0.66666666. .. or 1/7 = 0.14285714. . ., confront us with the sophisticated notion of
infinite repeating decimals. Can we find a finitely fair base, one in which all fractions
have finite representations?

It is natural to start our hunt for a finitely fair base by changing from the familiar
base 10 to base b, where b is any integer greater than 1. Unfortunately, the following
review of representations base b reveals that for any b some fractions must have infinite
repeating representations, while other fractions have finite representations. Recall that
0.a1a2a3 ..., = aj/b+ay/b* +a3/b> + --- = Z:":, a,/b", where the subscripted b
indicates the base and a, is an integer satisfying 0 < a, < b — 1. A fraction p/q in
reduced form has a k-place representation in base b exactly when g divides b* but
doesn’t divide b*~!. For example, 32 = 23 divides 10° but not 10*, so base 10 uses five
decimal places for 17/32. If g has a prime factor not in b, the reduced fraction p/q
has an infinite repeating representation base b. Since no fixed b has every prime factor,
every base has some fractions with infinite repeating representations.

Clearly, a finitely fair base requires something new, a mathematical “deconstruc-
tion” of the idea of a base. The postmodern term deconstruction describes something
mathematicians have done for two centuries: probe a familiar concept more deeply to
expose new interpretations and understandings. An initial deconstruction of base in the
next section leads to a finitely fair base, called base {n!}. A further deconstruction in
the middle section leads more generally to variable bases, which we use to find bases
that “fit” a given real number with a specified representation. The final section cri-
tiques bases in yet another way, leading to competing measures for finitely fair bases.
The Prime Number Theorem enables us to approximate one of these measures in terms
of the other one and so resolve the competition between them. For ease we consider
only representations of real numbers between 0 and 1, although the reader is invited to
extend these ideas to the integer parts.

A finitely fair base Finite representation for all fractions requires a reinterpretation
of the concept of a base. The familiar infinite series e* = ) - x"/n! suggests re-
placing the powers 5" in the denominators of the base with the factorials n!. We will
denote this new base with the subscript (,;. For example, 1/3! becomes 0.001,,; and
3/5! becomes 0.00003,. Then e = 2+ ) -, 1/n! has the memorable representation
2+40.01111.. .4 and 5/6 equals 0.012,,.

380
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DEFINITION. By 0.a;aza3 . . .\,; We mean Zz"zl a,/n!, where a, is an integer sat-
isfying0 <a, <n-—1.

The first place in base {n!} is always a useless 0, but retaining it makes the nth place
correspond to 1/n!. Since g divides ¢q!, the representation of p/q never needs more
than g places, showing base {n!} is finitely fair. Indeed, only when ¢ is a prime or 4
does the reduced fraction p/q need g places.

The condition 0 < a, < n — 1, which corresponds to the condition 0 <a; <b —1
in base b, ensures that every fraction has a unique finite representation. Suppose, to
illustrate the uniqueness of this representation, we try to find a second representation
for 1/3! = 0.001,;. The most we can put in the fourth place is a 3, but 0.0003,, =
3/4!, whichis 1/3! — 1/4! since 1/3! = 4/4!. Again, the most we can add in the fifth
place is a 4, and 0.00034y,, = 1/3! — 1/5!. In general (i — 1)/i! =i/i! —1/i! =
1/G —1)! —1/i!, and 50 0.000345 ... (k — 1)y = 1/3! — 1/k!.

Irrationals related to e can have nice representations base {n!}. Recall the se-
ries cosh(x) = (e* +e7)/2 =Y o7 x*/(2n)! =1+ x?/2! +x*/4! + .... Then
cosh(1) =1+ 0.010101 .. .41, and similarly sinh(1) = 1 + 0.00101010. . .;,,,y. Since
e~! = cosh(1) — sinh(1) we can use elementary borrowing in base {n!} to find the
representation of e~ !

1.010101010. . (s
— 1001010101 . . .4y
= 0.002040608 . . .(,

In base {n!} the representation of m starts off 3 4+ 0.00031565 .. (.. It seems un-
likely that the integers in this representation will form a pattern anyone could describe,
although that might well be a deep mathematical question. Some might hope to im-
prove on base {n!} so that every irrational would have a repeating representation or
other easily recognized pattern. However, a cardinality argument shows that not all
of the uncountably many real numbers can have recognizable patterns, even in such a
lovely base as {n!}. Whatever the term recognizable might mean, such a pattern must
at least be describable in finitely many terms. For example, we can describe the pattern
0.00204060 . . .(,y, for e~! by “the digit in place 2n + 1 for n > 1 is 2n and all other
digits are 0.” In any language or base, there are only countably many symbols and so
only countably many things describable in a finite number of terms [2, p. 223]. Thus no
matter what base we invent, there will always be uncountably many real numbers with
nonrepeating, and even indescribable representations. However, in the next section we
see how to find a base fitting any real number with almost any desired representation.

Finding fitting bases For any given real number between 0 and 1 we seek a base
with a specified representation of that number. First we need to deconstruct the idea
of a base beyond base {n!} or base b. Note that the successive denominators in ei-
ther case (1,2,6,24,...or b, b* b*, ...) are multiples of previous denominators. To
see the advantage of this property, consider an attempted base {$} built on making
change with American coins. We could write 0.a;a2a3a4;5) = a1/4 + a>/10 + a3 /20 +
a4/ 100, where ay, az, as, and a4 are the number of quarters, dimes, nickels, and pen-
nies, respectively. To make change, we never need more than four pennies, so we
restrict 0 < a4 < 4. Similarly, 0 < a3 < 1 since two nickels equals a dime. We need
up to two dimes to make change, so 0 < a, < 2. Even with this restriction, we don’t
have a unique way to make change since 0.0210;5; = 0.1000y3,. This ambiguity occurs
because we can’t divide a quarter evenly into dimes.
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DEFINITION. A sequence {b,} of positive integers is a variable base provided each
b, divides b,.; and lim,_, ., b, = 0o. Define place ratios r, recursively by r, = b
and 7,41 = bn41/b,. We define the base {b,} representation 0.a1a,a3 . . .;4,) to equal
Zn | @n/bn, Where a, is an integer satisfying 0 < a, <r, — 1.

Base b and base {n!} clearly qualify as variable bases: in base b, we have b, =
b" and r, = b, whereas b, = n! and r, = n in base {n!}. Recall the earlier example
showing that 1/3! has a unique finite representation in base {n!}. The keys underlying
that argument generalize to the conditions b, = r,b,_; and 0 < a, < r, — 1, which
correspond to the requirements for a variable base representation. Thus for all variable
bases {b,} finite representations in base {b,} are unique. Because lim,_, o, b, = 00
every real number between 0 and 1 is approximated by finite representations, and
so it has a finite or infinite representation base {b,}. Further, because a, = 0 when
r, = 1, the following inequalities show that the infinite series for any representation
0.a1a,a;3 . . (5, converges to a real number:

IR B D DL B I R

rm>1 " rn>1 j=0

The reader can verify that, in fact, this sum always lies between 0 and 1.

Let’s take as our test case m, whose representation in base {n!} appears as inde-
scribable as its representation in base 10. Can we find some {b,} so that ¥ = 3 +
0.1111...4,? Fora; tobe 1, 1/b; < 0.14159...,y < 2/b,. Then 8 < b; < 14. Once
we pick bl,say b, = 8,wehave 1/b, < 0. 14159 10— 1/by =0.01659.. .9 < 2/b,.
Thus 60 < b, < 120. Further, b, must be a multiple of by = 8. If we always pick
the smallest denominator at each step, we get the base {b,} = {8, 8%,82-17,8% .17 -
19, ...}, although this sequence seems no more memorable than the digits of 7 in
base 10. Still, Theorem 1 below provides an explicit construction of a base fitting any
number between 0 and 1 with a specified infinite representation.

THEOREM 1. Let 0 < y < 1 and let {a,} be any sequence of positive integers.
Then there is a base {b,} such that y = 0.a1a2a53 . . .(p,) = Y e} @n/bn.

Proof. We use recursion to construct a base {b,}. Because

0<y and nm%=o,
there are values k such that a; /k < y. Let b, be the smallest k such that q;/k < y <
(@ +1)/k.Sety, =y —ay/by,sothat 0 < y; < 1/b; = a,/(ab;). Choose b, to be
the least multiple of b, such that a;/b, < y; < (a; + 1)/b,. In general, suppose we
have b; for 1 < i < n such that b; divides b, fori < n and

L. q a 1
;b_i<y<<;b_>+b_

For y, =y — Y., ai/b; we have 0 < ¥, < 1/b, = ay41/(bn@n41). Let byyy be the
least multiple of b, such that a,./b,+1 < Yn < (@nt+1 + 1)/bny1. Clearly b, properly
divides b, so lim,_, o b, = o0 and {b,} is a base. Further,

n+1 n+1
a; a; 1 . 1
E E<y<(z b—,>+ and llmb——O.

i—1 i1 bni n—>00 Dp41

Hence Y o ai/bi = y. [
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While the preceding proof chooses the smallest possible b, each time, there may
be other choices of bases fitting the same representation to y . For example, by suitably
continuing the sequence {c,} = {9, 36, 396, 5940, ...} we would also have m = 3 +
0.111...y,. Determining how many different bases fit a given real number with a
specific representation appears quite difficult. We illustrate the range of possibilities
for the number of bases giving a particular representation using perhaps the easiest
examples. The reader is invited to fill in the details of the induction proofs.

* There is a unique base {b,} (namely b, = 3") such that 1/2 = 0.111.. .,.
* There are uncountably many bases {b,} such that 1/3 = 0.111.. ..

Sketch of the proof. For each k € N consider the options (ry;—; = 4 and ry = 4)
and (rx-1 = 5 and ry = 2). Using the notation in the preceding proof, either way
v = 1/3by, so the next step will have the same options. Since 2N is uncountable,
there are uncountably many ways of choosing the values r, in pairs. (There are other
possible bases as well.)

* There is a countable infinity of bases {b,} such that 1/4 = 0.111.. ;.

Sketch of the proof. If the first k choices of r, are all 5 then y, = 1/4b, and we
have three choices for r;, namely 5, 6, and 7. Choosing r;,; = 5 leaves these options
open for r4,. However, if r,4; = 6, then r,,; = 3 forall i > 2. Similarly, the choice
of ry,y = 7 forces ry4, = 2 andforall i > 3, r;4; = 3. Thus there are countably many
times one can choose to deviate from r, = 5. However, once that choice is made, there
are no further options.

We abandon the difficulties of fitting bases to desired representations of given num-
bers. Instead, we return our attention to finitely fair bases, considering competing com-
parisons of them with base {n!}.

Fast finitely fair bases To consider alternatives to base {n!} we need to determine
when a base is finitely fair. Minimally every fraction m /p*, where p is a prime, needs
to be finitely represented. That is, for all primes p and all natural numbers k, there is a
natural number n such that p* divides b,. Actually this condition also suffices: factor
the denominator of m/q into powers of primes g = pf‘ . pl;j and pick b, to be the
maximum of the b; corresponding to the pff‘. While base {n!} is finitely fair, it seems
slow in one way and fast in another. First of all it is slow in that it can need as many
as g places to represent p/q. However, its place ratios, r, = n, grow fast and without
bound. Each criterion alone seems mathematically uninteresting: we could speed up
the way we represent fractions by choosing huge values for the r,, or we could, on
average, slow the growth of the place ratios by taking almost all of the r, to be 1,
sprinkling in the primes just often enough to get infinitely many of each eventually.
Combining these two senses of speed leads to a more interesting result. We measure
the overall growth of the place ratios r, with their geometric mean rather than their
arithmetic mean because of their multiplicative nature.

DEFINITION. The nth average place ratio of {b,} is /b, = /[ 1=, r:-
For base b the nth average place ratio is constant: ~/b” = b. From Stirling’s approxi-

mation for n! the nth average place ratio for base {n!} is ¥/n! ~ (/+/2nwn(n/e)" > n/e,
which goes to infinity as n does [4, 127-128].
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DEFINITION. A finitely fair base {b,} is g-fast if the representation in base {b,} of
a reduced fraction p/q never needs more than g places.

Although base {n!} is g-fast, factorials lead to fairly fast growth of the average
place ratios. Fortunately, a g-fast base doesn’t need factorials. We need r, = 2, and
r3 = 3 to handle halves and thirds by the second and third place, respectively. But
we only need r4 = 2 to accommodate fourths in the fourth place since r4 = 2 gives
by =2-3-2 =12, amultiple of 4. Similarly, r¢ = 1 suffices since b4 = 12 is already
a multiple of 6. The slowest q-fast base increases the denominators b, only as much
as needed. This base has the sequence of smallest place ratios, which are r« = p for
every power of a prime p* and r, = 1 otherwise. The following table gives initial
values of r,,, b, and /b, for this slowest g-fast base.

TABLE 1: Values of rp,, b,, and \’/b_,, for the slowest g-fast base.

n 1 2 3 4 5 6 7 8 9 10 11
Ty 1 2 3 2 5 1 7 2 3 1 11
b, 1 2 6 12 60 60 420 840 2520 2520 27720
Jb, 1 141 186 19 227 198 237 232 239 219 253

While the preceding table Suggests the average place ratios /b, increase slowly but
unevenly, surprisingly the sequence {</b,} has a bound related to e.

THEOREM 2. The slowest q-fast base {b,} has /b, < e''% ~ 3.02 for all n.

Proof. In a g-fast base if n > p*, for a power of a prime, then p* must divide
b,. The slowest g-fast base has no extra powers of any p, meaning when we fac-
tor b, into primes, for any prime p there are exactly k factors of p in b,, where
p*¥ < n < p*. The needed power of a prime p is [log, n], where |x] is the floor
function of x, the greatest integer less than or equal to x. Hence b, = ]_[';J - pliogpn,
where p varies over all primes between 2 and n. Now ]_[';,:2 ptogen) < ]_[;:2 plosen
and p'®»" = n,s0 b, < n?™, where p(n) is the number of primes less than or equal to
n. The Prime Number Theorem gives the approximation p(n) = n/In(n) with an upper

bound of p(n) < 1.1051/In(n) [3, p. 830]. Thus /b, < (n'-105#/InMm)1/n — ,1.105/In(x)
— nl.lOSlogne — el.lOS. m

Remarks: The value /b, exceeds e for the first time when n = 19, giving approxi-
mately 2.76. The maximum value of /b, appears to be just under 2.8 when n = 31.

We can readily generalize the idea of the slowest g-fast base. A base {b,} is Bq-fast
if its representation of p/q never needs more than Bq places (or 1 place if Bg < 1).
For example, the slowest g/2-fast base needs r| = b; = 6 to take care of halves and
thirds by the first place, r, = 10 to take care of fourths and fifths by the second place,
and so on. The preceding theorem generalizes as follows.

COROLLARY 1. The slowest Bq-fast base {b,} has Y/b, < e'1%/F,

Proof. We need only replace b, < n”™ in the previous proof with b, < nP™/
|

Thus a suitable fast finitely fair base can slow the growth of the place ratios and
simultaneously represent fractions as quickly as desired. Mathematicians derive much
pleasure from “deconstructing” a commonly accepted concept to find a more funda-
mental and general one. Often these generalizations give profound insights and appli-
cations. Others, such as fair, fitting, and fast bases, are simply fun.
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We assume that the reader is familiar with such things as the incenter, circumcenter,
and orthocenter of a triangle and is ready for more wonders in the same vein. Take any
triangle, AABC, and consider the following three lines, as shown in FIGURE 1:

Soddy Line Euler Line F”
\ 7/

A~ \H

Gergonne Line

Figure 1 The EGS triangle

* The Euler line, which passes through the circumcenter O and the orthocenter H
(among other notable points).
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* The Gergonne line (a term recently coined by Oldknow [5]), which passes through
the points D', E’, F' in the diagram. These points are obtained from the circle in-
scribed in AABC, as follows: label its points of contact with the sides as D, E, F,
and extend the lines DE, EF, and DF; the points of intersection of these lines with
the extended lines AB, BC, and AC are F’, D', and E’. That they are always collinear
is surprising.

* The Soddy line, which passes through the incenter / and the Gergonne point Ge,
which is the intersection of the three lines AD, BE, and CF.

Coxeter’s book [3] is a good source for those wanting more detail on these and other
aspects of a triangle. If the triangle is isosceles then the Euler and Soddy lines coincide.
If it is not isosceles, the points of intersection of these three lines form a triangle,
the Euler-Gergonne-Soddy (EGS) triangle. In 1996, A. Oldknow [S] described the
Gergonne line and showed that it is always perpendicular to the Soddy line, making
the EGS triangle a right triangle. This discovery arose from his analysis of the “four-
coin problem,” which deals with the relationship of three circular discs of assorted
sizes, placed in a plane so that they are mutually tangent (each one touching the other
two), and a fourth disc, which can then be placed tangentially in the middle region
bounded by the first three.

Oldknow used trilinear coordinates to avoid messy computations that arise with
Cartesian coordinates. The fact that the EGS triangle is always a right triangle suggests
the question:

When is the EGS triangle a Pythagorean triangle, that is, a right triangle with
integer-length sides?

To attack this problem we need Cartesian coordinates since trilinear coordinates are
less than ideal for finding distances. By placing the original triangle strategically in the
plane, we can establish Oldknow’s result with Cartesian coordinates. We are then able
to attack more easily certain numerical problems like the one just mentioned.

In determining conditions under which the EGS triangle of AABC is Pythagorean,
we assume that AABC itself has integer sides. Although this general problem remains
open, we settle the case where AABC is a right triangle. In particular, we prove that
for an infinite number of nonsimilar Pythagorean triangles, the EGS triangle is also
Pythagorean, and we show how this problem reduces to a classic question in number
theory, which was solved by Aubry in 1910.

Using Cartesian coordinates We place AABC in a Euclidean plane so that the
longest side, which we assume is BC, lies on the x-axis and the altitude from A, whose
length is 4, lies along the y-axis. It will be convenient to divide sides and altitude by
h/2 so that the resulting triangle has altitude 2. Then we may label the lengths of the
sides as in FIGURE 2 where 0 < p,q < 1, but pgq # 1. To show why this is so, we
split the triangle along its altitude and consider right and left halves separately. Thus,
it suffices to argue the case of a right triangle with altitude 2 and hypotenuse a > 2.
Weleta = p + 1/p, where p = (a — va* — 4)/2, so that p < 1 (solve the equation
ap = p? + 1 for p). Then computation shows that —p + 1/p = +/a? — 4, the base of
the right triangle.

Confirming Oldknow’s result We assume that AABC is not isosceles since the Eu-
ler and Soddy lines coincide in that case. Thus, we let p and g be distinct nonnegative
real numbers with p < 1 and g < 1 and suppose that AABC has vertices



VOL. 76, NO. 5, DECEMBER 2003 387

Figure 2 A triangle with altitude 2

1 1
A=1(02), B=<——+q,0), C=<——p,0).
q p

Itsareais A = 1/p + 1/q — p — q and its semiperimeteris s = 1/p + 1/q. Thus [3],
the radius of the incircle is A /s, which is equal to 1 — pgq, so this is the y-coordinate
of I. The x-coordinate of I, which matches the x-coordinate of D is easily found:
BF =BD = —q + 1/q + x gives AF = 2q — x; similarly, AE = 2p + x; thus AF =
AEandsox =q — p.

This is one example of the straightforward means w e use to compute the coordinates
of the various points in FIGURE 1. As another example, the point E can be computed
as the closest point on the line AC to /. We summarize the results:

1— 2 1— 2
I=(q-p1-p9g H=(0,( pz)( q))
pq
O=((q—p)(1+pq) 1_(l—pz)(l—qz))
2pq ’ 4pq

. ( (p+q)*q —p) 2(1 - pq) >
14+ pg + p*+4* 1+ pg + p* +4°

2 2_2
D=(q-p,0) D/=(f’—iq—-,o)
q—7p
1—p* 2(1 - pg) ) +9)(1—p? 21—
E=((p+q) P pzq) E:(_(” 9)( pz), ( pq)2>
1+p 1+p 1—2pg —p 1—2pg —p
1—g% 2(1 - , +9)1—¢% 201 -
F=(_(p+q) qz’ pzq)) F=((” 9)( qz), ( pq)z)
1+g¢ 1+¢ 1—-2pg—gq 1-2pg—gq

Notice that the denominator 1 — 2pg — p? is nonzero, otherwise p = —q + /g2 + 1
but then —p + 1/p = 2q, so AABC would have base g + 1/q, an isosceles case that
we have ruled out. Similarly, 1 — 2pg — ¢* # 0, and of course ¢ — p # 0.These co-
ordinates yield the following equations for the lines of interest:
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Euler line:  (3(1 — p*)(1 — ¢%) —4pq) x +2(g — p)(1 + pq)y
_ @=p)d+pg9)d - p>)(1—g%
pq ’
Gergonne line: (g — p)x + (p* + q¢* + pg — )y = p> + ¢* — 2,
Soddy line: (1 — p* —q*> — pg)x + (@ — p)y = (g — p) 2 — (P* + 49)).
We obtained these equations by expressing the two-point form of a line as an equa-
tion with determinants, verifying our computations with Mathematica. Note that the
slope of the Gergonne line is the negative reciprocal of the slope of the Soddy line. This
confirms that the EGS triangle has a right angle. A Mathematica program accessible

at www.math.uri.edu/ beau displays the EGS triangle for any given nonisosceles
triangle.

Pythagorean triangles The easiest way to consider the right-triangle case is to take
g = 1, so that B lies at the origin. By taking p to be rational, we will obtain a
Pythagorean triangle after rescaling. FIGURE 3 shows a right triangle together with
its EGS lines. The equations of these lines simplify to the following.

2p
1 - p?

1— —1
_( P P
p(l+ p) p
p(1+p)

Soddy line: y = _—, *t1-2r- P>
-p

Eulerline: y =

x?

Gergonne line: y =

Figure 3 The EGS triangle of a right triangle
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Solving these equations two at a time, we find the vertices of the EGS triangle and
compute the lengths of the sides. The result is

(1+pA-p+2p?)

Legl:
pJ/1=2p+2p2+2p*+ p*
—pll—=2p—p*(1 - 2p?
Leg 2: (A-p)1—-2p—pid—p+2p7)
(1-2p+3p»)/1-2p+2p*+2p’+ p*
1 A - 2p?
Hypotenuse: A+ pHd-p+2p ).

p(1—=2p+3p?)

The quantity 1 — 2p — p? appearing between absolute value signs (Leg 2) is negative
when —1+4 /2 < p < 1. In this case the vertical leg of AABC is longer than the
horizontal leg. Notice that p = —1 + +/2 gives the isosceles case which cannot arise
since p is rational. The EGS triangle will have rational sides if and only if the radicand
in Legs 1 and 2 is a perfect square. Writing p = m/n where m and n are relatively
prime integers, the sides become

(m + n)(2m?® — mn + n?)

Leg 1:
my/Q
Leg2: (n — m)|m? 4 2mn — n?|(2m?* — mn + n?) i
n(Bm? —2mn + n2?)/0
2 2y(2m? — 2
Hypotenuse: (m” +n7)@m —mn+n ), where

mn(3m? — 2mn + n?)

0 = (n®> 4+ m?? = 2nm(n* — m?).

If we multiply by the scaling factor mn, AABC has its sides of 2,n/m — m/n,
n/m+ m/n expanded to r = 2nm, s = n> —m?, t = n?> +m? and (r, s, t) is a PT
(Pythagorean triple) with parameters n and m. Thus Q = r? — rs + s* and the corre-
sponding EGS triangle has rational sides if and only if Q is a square, say Q = w?.
We seek integers r, s satisfying r?> + 52 = t2, r? — rs + s* = w?. The smallest pair
of positive integers that works is (r, s) = (8, 15) with t = 17 and w = 13. In order
to apply (1) we need the PT parameters of (8, 15, 17). These can be found (following
a standard method [2]) by computing n/m = (15 4+ 17)/8 = 4/1 (thus n = 4 and
m = 1). The legs of the EGS triangle are obtained using the formulas in (1) multiplied
by mn = 4. They are
294 Hvpot . 238
R 3’ ypotenuse: TS
If the (8,15,17) triangle is magnified by the scaling factor (13)(143)(11) then its EGS
triangle is a Pythagorean triangle. FIGURE 3 actually represents the triangles in this
case drawn to scale.

Leg1: Leg 2:

A problem in number theory This square requirement for Q together with the re-
quirement that 72 + s? is a square is a special case of the following Diophantine system

rr+st =17, rr+rs+s? = w? ()

where r, s are integers with r > 0. L. Aubry ([1, 4]) showed that there are an infi-
nite number of primitive (components relatively prime) integer pairs (r, s) satisfying
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system (2). We will refer to a solution (r, s) as positive or negative according as s is
positive or negative. Solutions are generated as follows.

Let (r, s) be a primitive solution of (2), and let 7 = 2nm and s = n?> — m? (nand m
can be found by taking (¢ 4+ s)/r = n/m in lowest terms). Next let (t + w)/s = u/v,
reduced to lowest terms. Then the values

2

N = ru? + sv?, M = su® + rv?

give rise to two new primitive solutions (R, S), where R = 2NM and S = N? — M2
In this way we obtain an infinite set of (primitive) solutions. For example, the smallest
solution to (2) is (r, s) = (8, —15), where ¢t = 17 and w = 13. This gives rise to the
solutions

(1768, 2415) with t+=2993 and w = 3637,
(10130640, —8109409) with ¢ =12976609 and w = 9286489.

The negative solution represents a new right triangle whose EGS triangle has integer
sides; but the positive solution (1768, 2415) does not. However, the positive solutions
are important. It is not difficult to show that, starting with a positive solution, Aubry’s
formulas always produce both a positive and a negative solution thus assuring an infi-
nite number of negative primitive solutions and so an infinite number of incongruent
Pythagorean triangles whose EGS triangle is of the same type.
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Historical Mathematical Blunders:
The Case of Barbaro’s Cannonballs
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When the Ottoman Turks took Constantinople in 1453, their success was due in large
part to the breaches made in the city’s walls by siege guns that shot enormous granite
cannonballs. Nicolo Barbaro, a ship’s surgeon attached to the Venetian contingent that
helped defend the city, described some of these cannonballs in a diary he kept during
the siege; the source of his information is not known. According to Barbaro, the largest
Turkish gun shot a ball measuring 13 quarte in circumference and weighing 1200 livre,
and a smaller gun shot a ball measuring 9 quarte in circumference and weighing 800
livre [1, p. 30; 2, p. 21]. The diary was published by Cornet in 1856, and an English
translation by Jones appeared in 1969; it has since become one of the indispensable
sources for siege scholarship.
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A major problem with Barbaro’s description of the cannonballs, however, has gone
unnoticed in published commentary on the ordnance used during the siege. If the
dimensions and weights of the two cannonballs are reasonably accurate, then their
weight to volume densities should closely correspond. This is decidedly not the case,
however; in terms of livre per cubic quarta—rounded to the nearest livra—the larger
ball would have a density of 32, and the smaller ball would have a density of 65.
Which, if either, is correct?

In order to find out, one must know the value of the quarta, the value of the livra,
and the specific gravity of granite. The quarta—one quarter of the Venetian braccio of
63.9 cm—had a length of nearly 16 cm [5, pp. 47, 211]. The livra or Venetian “pound”
had a weight of 0.301 kg [5, pp. 129, 134, 138]. Granite has a specific gravity of 2.66,
meaning that it is 2.66 times as heavy as an equal volume of water or, equivalently, that
one liter weighs 2.66 kg. Given this information, it is possible to calculate the correct
density of 36—much closer to the density of the larger ball than the smaller ball.

There is also a possibility, however, that Barbaro might have beenusing his Venetian
terminology to describe near-equivalent Byzantine weights and measures used in and
around Constantinople. The Byzantine “double handbreadth” or dichas of 15.62 cm,
for example, was a little shorter than the Venetian quarta [3, pp. 18-19]. The Byzantine
“pound” or litra of 0.319 kg was a little heavier than the Venetian livra [4]. The weight
to volume density calculated from these Byzantine units and rounded to the nearest
litra comes out to 32, corresponding to the density derived from Barbaro’s figures for
the larger ball. It would appear, then, that Barbaro was calling the Byzantine units
by Venetian names. The larger ball would have had a circumference of 203 cm and a
weight of 376 kg.

What about the smaller ball, though, whose apparent density was impossibly twice
that of the larger ball? More than likely, someone knew either the circumference or the
weight of the smaller ball, but not both.

Since the known datum for the smaller ball (whether weight or circumference) was
about 2/3 that of the corresponding datum for the larger ball, it was erroneously as-
sumed that the unknown datum for the smaller ball would have also been about 2/3
that of the corresponding datum for the larger ball. In reality, if the circumference of a
smaller ball is taken as a fraction, k, of the circumference of a larger ball, its volume
would be k? that of the larger ball; thus if the circumference of the smaller ball is 2/3
that of the larger, its volume would be 8/27 that of the larger. On the other hand, if its
volume is 2/3 that of the larger, then its circumference would be about 88% that of the
larger. Thus a ball with a known circumference of 9 units might have been attributed a
weight of 800 units when its actual weight was only 391 units, or a ball with a known
weight of 800 units might have been attributed a circumference of only 9 units when
its actual circumference was about 11.4 units. Either mistake would have led to an
inflated density for the smaller ball.

| ) ..800 ?
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An LDU Factorization
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I want to point out a simple result suitable for introductory courses in linear algebra
(where I use it as a source of examples) or number theory. Recall Euler’s phi (or totient)
function [1]: For a positive integer n, ¢(n) denotes the number of positive integers < n
and relatively prime to n, where ¢ (1) := 1. The only fact we need about ¢(n) is

n=>Y_ o). M

din

To keep this note self-contained we sketch a well-known proof of (1). Let S, (n) denote
the subset of {1, 2, ..., n} whose members each have greatest common divisor d with
n, and let |S| denote the cardinality of the set S. Since S;(n) is empty if d does not
divide n, we have

n=Z|Sd(n)|. )
dln
The potential members of S;(n) are the numbers kd, where k € {1,2,...,n/d}. How-

ever, kd will be in some S, (n), where e is a multiple of d, unless k and n/d are rela-
tively prime. Therefore

[Sam| = (3).

and so (2) becomes

n=>"0(%).

dln

But this is equivalent to (1), since as d runs through the divisors of n so does n/d.
Against this background, we define several matrices. Let L(n) be the n x n matrix
whose ijth entry is 1 if j divides i, and is 0 otherwise. For example,
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(1 0 00O0OO0OTPO
1 100 00 0O
1 01 00 0 OO
11010000
L®) = 1 0001 0O00O0
11100100
\1 0 00O0O0OT1PO
1 101000 1)

Note that L(n) is always lower triangular with 1s on the main diagonal. Let ®(n) be
the diagonal n x n matrix whose ith diagonal entry is ¢(i). For example,

1000000 0y
(0100000 0
00200000
00020000
®® =14 000400 0
00000200
0000006 0
0000000 4/

Finally, let G(n) be the n x n matrix whose ijth entry is the greatest common divisor
of i and j. For example,

( 1 1111111
1 2121212
1 1311311
1 21 41 2 1 4
G® = 1 1115111
1 23 21 61 2
1 11111 71
\ 1 21412 1 8
It is appropriate to call our result Le Paige’s Theorem:
G(n) = L(n)®(n)L(n)'. 3)

Proof. Since ®(n) is diagonal, the ikth entry on the right side of (3) is

n n

le (L), (@m),,(LM)T),, =D (L), e(D(Lm),,
j= j=1
= > el
jl( and k)

According to (1), the last sum equals the greatest common divisor of i and k, which is
also the ikth entry on the left side of (3). [ |

As a corollary we get a determinant evaluation of Smith [S]:
det G(n) = det ®(n) = l_[(p(j)
j=1

since det L(n) = 1. Inessence (3) is due to Le Paige [2], who was looking (as I was) for
a natural proof of Smith’s theorem; actually he evaluated a generalization of Smith’s
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determinant due to Mansion [3], although he did not state his method as a matrix
factorization. See Muir’s history [4] for more details.

Acknowledgments. I thank John Rhodes and Paul Campbell for their comments and encouragement.
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In an article in this MAGAZINE, Efthimiou [2] shows how the Laplace transform can
be used as a tool for evaluating infinite series. We review his method and illustrate a
more general application of the technique.

Efthimiou’s technique Efthimiou [2] finds closed-form expressions for series of the
form

Z<n+a)(n+b) where - a.b ¢ {~1,~2.=3...} )

n=1
He applies the same methods to sum series of the form Y oc | Q(n)/P(n), where P and
Q are polynomials with deg(P) — deg(Q) = 2 and P factors completely into linear
factors with no roots in {1, 2, 3, .. .}.

Efthimiou’s technique applies when Y - | u, is an infinite series whose summand
u, can be realized as a Laplace transform integral u, = fooo e™™ f(x)dx. In such a
case, what appeared to be a sum of numbers is now written as a sum of integrals. This
may not seem like progress, but interchanging the order of summation and integration
(with proper justification of course!) yields a sum that we can evaluate easily, namely,
a geometric series. Here are the steps:



VOL. 76, NO. 5, DECEMBER 2003 395

Zu,,:Z[ e f(x)dx
n=1 n=1v0
? oo & —nx _ * e
=/0 f(x);e dx_/o f(x)(l_e_x)dx.

If this integral is easy to evaluate, we will have our sum.

To illustrate this technique, consider the series (1) where a # b; without loss of
generality, we can assume that b > a > —1. The nth term can be written (use partial
fractions) as the Laplace transform integral

1 /00 . <e—ax _ e—bx)
—_— = e _— dx,
n+a)n+b)  Jo b—a

giving a starting point for the steps above.

We must justify changing the order of summation and integration. Since the inte-
grands are all nonnegative for 0 < x < 0o, we can apply the monotone convergence
theorem (see, for instance, Folland [3, p. 49]) to switch the sum and the integral and

obtain
o) 1 o) o] e—ax_e—bx
- — -nx - - d
Yoraorn - o) (Sm)e

n=1 n=1

0o —ax —bx )
M.CT. e —€ —nx
& [ () D

n=1

1 «© b e *
— —ax __ ,—bx d
b—a/o (e ¢ )(1—e"‘) o

1 1 a_ b
_ / WU @)
0

b—a 1—u

As a first example, take a = 0 and b = 1/2; then (2) yields

© ] L] —u? Lo
Z——T=2/ = du= / —du=4(1-1n2).
onn+3) o 1—u 0 1+u:z

For another example, take a = 0 and b a positive integer; then (2) yields the popular
telescoping series identity

e 1 1 (11 —ub 1 /!
—_— = — d = - 2 ce b-1
Zn(n-}-b) b/O T, b/o (I+utu>+---4u ) du

n=1
1 1 1 1
=—(1+-+z+-+-).

b 2 3 b

We refer the reader to Efthimiou’s paper [2] to see a rich application of this technique
to other series.

A more general technique Efthimiou’s technique can be generalized to series of the
form > 7 | u,v, where it is convenient to write only v, as a Laplace transform integral.
Again, the series can be written as a sum of integrals, but this time there is a factor of
u, before each integral. If the order of summation and integration can be interchanged
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(again, with proper justification!), we will need to find an explicit sum for the series

h(x) =Y 72 u,e~"*. If all this works out, we will have
oo o0 oo
Zu,,v,, = Zun/ e f(x)dx
n=1 n=1 0
0 (o] o0 [e o]
= f FE[D une™ ) dx = / Fx)h(x)dx.
0 n=1 0

For example, consider

n

o0
Z r+b’ where re[-1,1), a>0, and b>0. 3)
“—~ an

The trick will be to recognize 1/(an + b) as being equal to the Laplace transform

integral = [;° e™"* (e7%/**) /a dx.
Aslong asr # —1, the partial sums of Y _ -, r"e~"*(e~%/?*) /a are dominated above

by
> n_-—nx (1 —'l]'X>
Z r'e —e d =
n=1 a

1 s, |r|e ™ 1 [ |r|e™*
—e | ——m — )dx < - ——————— )dx < 0.
0o a 1—|r|le* aly 1—|rle>

This time, we apply the Lebesgue dominated convergence theorem (again, see Folland
[3, p. 53]) to switch the order of summation and integration to obtain

Rl r" X [ 1
— n_—nx _ —EX d
; an +b ;_/o re (ae )dx
per. [Cf1 _bo.\ &
& o ax ne=nx g
/0 (ae )Zr e x

n=1

1 s |rle™™
e at (———— , where

a 1—|rje™™*

b
a

1 00 —x 1 1
= —/ e (re—) dx = -/ ™ du.
0 1 —re ajo 1—ru

a

We have established this formula for all r € (=1, 1); but since both }_>°  r"/an + b
and (4) exist for r = —1, they must also be equal by Abel’s theorem (see, for instance,

Buck [1, p. 279)).
We offer two examples. Whena = 1 and b = 0, (4) yields

o0 n 1
r—=/ r du=ln( )
n o 1—ru

n=1

1
1—r

and whenr = —1,a = 1, and b = 1, it gives
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As one more example of this technique, consider

n

Z('l+a)(n+b) where re[-1,1], and b>a> —1. )

n=1

We already know how to write 1/((n + a)(n + b)) as a Laplace transform integral. As
long as r € (—1, 1), the estimation of partial sums is so similar to what we did before
that the details are left to the reader. Once more, we apply the Lebesgue dominated
convergence theorem to switch the sum and the integral, obtaining

i - = i " / e (————e_ax - e_bx) dx
“~ (n+a)(n +b) ~ Jo b—a
e} —ax __ ,—bx oo
D.gT. / (e 3 € ) Zrne—nx dx
0 —a

n=1

1 °° b re *
— —ax __ ,—bx —_— d
b—a/o (e ¢ )(l—re—") *

1 ,,a_ b
= L /“ Y du. (5)
0

b—a 1—ru

This argument works for r € (—1, 1), but since the infinite sum and (6) both exist for
r = %1, they must be equal for r = +1 by Abel’s theorem as before. So, for instance,
when a = 0and b = 1, (6) yields

i‘ r /11_“d 14 (2= ma -
u= —— ) In(1 = 7).
nin+1) ro 1—ru r g

n=1

Closing remark We do not mean to suggest that the closed form expressions for the
series discussed in this paper are new. There are various other ways to evaluate them.
Rather, it has been our intention to give exposure to a nice technique for evaluating
certain series. It is our hope that you add this technique to your toolbox of tricks for
series.

Exercises Enjoy!

1. Letb € {1,2,3,...}. Follow the steps below to give an alternate proof of the tele-
scoping series identity

i o FIRNE
= (n+b) b 2 3 b)-

(i) Use the Laplace transform integral 1/n + b = [, e™"*(e™**) dx to show

that
o0 1 1
b=11 du.
Z: (n+b) /0" "1z )

(i) Show that [ ut~'In()du = L1+ 1+ 1+ 4+ 1.
2. Find exact values for the following series, using techniques described in this paper.
Check your answers with your favorite computer software package!
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RV =
(I);n(n+5) v )Zn(n-}-l)
IR (=D
o) X_:n4" W) Zn(n—{-2)
(- 1)"*1 . (1/2)
(iii) Z (vi) ;m,wherek €{1,2,3,..}
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Answers to selected exercises
from Wetzel’s article Fits and Covers

Exercise 1 The triangle T fits into D precisely when
2abc

d > Ja+b+c)(—a+b+c)a—-b+c)a+b—c)
a if b2 + c? < a?.

if b2 + ¢? > a?

Exercise 6
(a) The disk of diameter /a2 + b2.

(b) The disk of diameter 2s.
(c) The disk of diameter p /2.

Exercise 8 The disk of diameter 1 whose center lies at the midpoint of the curve
obviously covers the curve; but so does the disk with center at the midpoint of the line

segment that joins the endpoints (cf. Exercise 6(c)).

Exercise 11 Its sides are 1/(2+/3) and 1//6.



PROBLEMS

ELGIN H. JOHNSTON, Editor

lowa State University

Assistant Editors: RAZVAN GELCA, Texas Tech University; ROBERT GREGORAC, lowa
State University; GERALD HEUER, Concordia College; VANIA MASCIONI, Ball State Uni-
versity; PAUL ZEITZ, The University of San Francisco

Proposals

To be considered for publication, solutions should be received by May 1, 2004.
1681. Proposed by Mihai Manea, Princeton University, Princeton, NJ.

Let p be a prime number. Prove that the polynomial
xPTV 4 2xP 24 3xP 3 4+ 4+ (p—Dx+p
is irreducible in Z[x].
1682. Proposed by Paul Bracken, University of Texas, Edinburg, TX.

Let n be a positive integer. Prove that
RIS
=1 (';) =0 j+r
1683. Proposed by Murray S. Klamkin, University of Alberta, Edmonton, Alberta,
Canada.
For integer n > 2 and nonnegative real numbers x;, x, ..., X,, define
Ay =4+ xHEE+x3) - (2 +xD)/27,
B, = (x1x2 + x2x3 + - - - + x,x1)"/n".

(a) Determine all n, if any, such that A, > B, for all choices of x;’s.
(b) Determine all n, if any, such that B, > A, for all choices of x;’s.

We invite readers to submit problems believed to be new and appealing to students and teachers of advanced
undergraduate mathematics. Proposals must, in general, be accompanied by solutions and by any bibliographical
information that will assist the editors and referees. A problem submitted as a Quickie should have an unexpected,
succinct solution.

Solutions should be written in a style appropriate for this MAGAZINE. Each solution should begin on a
separate sheet.

Solutions and new proposals should be mailed to Elgin Johnston, Problems Editor, Department of
Mathematics, Iowa State University, Ames IA 50011, or mailed electronically (ideally as a IATgX file) to
ehjohnst@iastate.edu. All communications should include the readers name, full address, and an e-mail address
and/or FAX number.
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1684. Proposed by Ethan S. Brown, Massachusetts Institute of Technology, Cam-
bridge, MA., and Christopher J. Hillar, University of California, Berkeley, CA.

Let S be the set of all words of length » in two letters, say a and b. Define an equiv-
alence relation on S as follows: given a word W, the reverse of W, the complement of
W (that is, change all as to bs and all bs to as) and the reverse of the complement are
all equivalent to W. Find the number of equivalence classes of S that do not contain
any palindromes.

1685. Proposed by Michel Bataille, Rouen, France.

Find all continuous functions f : (0, co) —> (0, 0o0) such that

f@+ fb)+ flo) = f@f®)f(c)

whenever ab + bc + ca = 1.

Quickies

Answers to the Quickies are on page 404.
Q935. Proposed by Gotz Trenkler, University of Dortmund, Dortmund, Germany.

Let A and B be two n x n idempotent matrices with complex entries and satisfying
A+ B+ AB+ BA =0.

What can be said about A and B?

Q936. Proposed by Mowaffaq Hajja, Yarmouk University, Irbid, Jordan, and Peter
Walker, American University of Sharjah, United Arab Emirates.

Let A be the family of all acute triangles and let 7} be the family of triangles whose
side lengths a, b, c satisfy

a+b > ke, b+ c > ka, and c+a>kb.

Prove that there is no k for which T, = A, and find the smallest k for which T, C A.

Solutions

One Fibonacci or Two? December 2002
1657. Proposed by Elias Lampakis, Messina, Greece.

Let f; denote the jth Fibonacci number (fi = f, =1 and fo42 = foy1 + fur)
Prove that for each positive integer n, there is a positive integer k and integers
ai,a,...,a € (1, 2} suchthatn = 3°5_ a; f;.

Solution by JPV Abad, San Francisco, CA., Walnut Creek, CA., and Charlottesville,
VA.

We prove that if sy, 52, . .. is a sequence of positive integers with s; = 1 and 1 +
Z';’zl §j > Sm+1, then for each positive integer n, there is a positive integer k and
integers ay,az, ..., a € {1, 2} with n = Y_°_, a;s;. This will establish the asser-

tion in the problem statement because f; = 1 and 1 + Z;’zl fi=1+(fnp—-1D=
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Jnt1 + fn = fntr-

We first use induction to prove that if n is a nonnegative integer with n < ZT=1 Sj,
then there are integers by, b, ..., b, € {0, 1} with 37, b;s; = n. This is clearly
true for n = 0, 1. Assume that the result is true for all nonnegative n < Z;=1 s;. If
Z;“:, sjzn>1+4+3"_ s then 37" 5; > n—s,, >0, so by the induction hy-
pothesisn = )", bs; + s,4 for some by, by, ..., b, € {0, 1}.

Now let n be a positive integer. Find k such that Z'}zl si<n<-1+)

Then n — 21;21 sj < lezl sj, so there are integers by, ..., by € {0, 1} with

k k k
n=ZSj+ n—Zsj =Z(1+bj)sj.
j=1 j=1 j=1

k+1

j=1sf'

Also solved by Tsehaye Andebrhan (Eritrea), Kristin Bailey, Roy Barbara (Lebanon), Michel Bataille
(France), D. Bednarchak, David Bendall, Robert Bernstein, Jany C. Binz (Switzerland), Jean Bogaert (Belgium),
Keith Brandt and Margaret Richey, J. L. Brown Jr., Bucknell Problems Group, Mario Catalani (Italy), Eddie
Cheng, John Christopher, Wenchang Chu and Gabriella Zammillo (Italy), Con Amore Problem Group (Den-
mark), David Constantine, Chip Curtis, Knut Dale (Norway), M. N. Deshpande (India), Charles R. Diminnie,
Daniele Donini (Italy), Tim Flood, Ovidiu Furdui, Natalio H. Guersenzvaig (Argentina), Tracy D. Hamilton, Pe-
ter Hohler (Switzerland), Enkel Hysnelaj (Australia), Tom Jager, Casey Jefferies and David Flaspohler, Richard
Johnsonbaugh, Lenny Jones, Stephen Kaczkowski, Achim Kehrein (Germany), Jason Lee, Kenneth Levasseur,
Kathleen E. Lewis, Carl Libis, S. C. Locke, Bill Mixon, Gert V. Morzé (Germany), Valerian M. Nita, Chris Nolen
and Dana Steele and Crystal Mack and Sahar Rashidi, Giray Okten, Jeff Ovall, Gary Phelps, Rob Pratt, B.
Ravikumar, Phillip P. Ray, Rolf Richberg (Germany), Nelisa Roach and Farley Mawyer, Jeremy Rouse, David
Rowe, Ossama A. Saleh and Stan Byrd, Edward Schmeichel, R. P. Sealy (Canada), Harry Sedinger, Heinz-Jiirgen
Seiffert (Germany), Jorge Nuno Silva (Portugal), Achilleas Sinefakopoulos, Nicholas C. Singer, Helen Skala,
Skidmore College Problem Group, Richard M. Smith, Ronald L. Smith, John Spellmann and Carrroll Bandy,
Philip D. Straffin, Christopher N. Swanson, H. T. Tang, Nicola Tarasca (Italy), R S. Tiberio, Dave Trautman,
Daniel Treat, Xiaoshen Wang, William P. Wardlaw, Darren D. Wick, Michael Woltermann, Naveed Zaman, Li
Zhou, and the proposer. There was one solution with no name.

A Polynomial Identity December 2002

1658. Proposed by William Gasarch, Department of Computer Science, University of
Maryland, College Park, MD.

Let n and d be integers with 0 < d < n. Find all polynomials P of degree d such
that

Z(—l)"(")P(k) eIy
k=0 k k=0 k'

Solution by Northwestern University Math Problem Solving Group, Northwestern Uni-
versity, Evanston, IL.

We first prove that the expression on the left side of the equation is zero. To establish
this it suffices to prove that ) ;_o(—1)¥(})k™ = 0 for 0 < m < n. The sum is equal to
(=1)"n! S,(m, n), where S,(m, n) is the Stirling number of the second kind, defined
as the number of ways of partitioning a set of m elements into » nonempty sets. Thus,
if m < n, then S,(m, n) = 0. Hence ) ;_o(—1)*(;)k™ = 0.

It now suffices to characterize those polynomials P for which ) o ((—1)*£& = 0.
This sum can be readily evaluated if P is expressed as a linear combination of falling
factorials of x, defined by

(x)o =1,

(1)
m=xx—-1---(x—m+1), m=1,2,....
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Assume that P is a polynomial of degree d < n and that P(x) = ap(x)o + a;(x); +
-+ +ay(x),. Because

ORI VIR SR o PRIV ZE R
;( D _k;( b (k—m)!_z( b’ 1 e’

j=0

it follows that

X Pk) 1¢
(=DF—= ==Y (=D"ay.
2EVSr =0
Thus a necessary and sufficient condition that the identity in question be satisfied is
P(x) =ag(x)o+ai(x)) + -+ aa(x)g with ao—a;+a;—---+(=1)as =0.

Also solved by Tsehaye Andebrhan (Eritrea), Michel Bataille (France), Jean Bogaert (Belgium), Mario Cata-
lani (Italy), John Christopher, Con Amore Problem Group (Denmark), Chip Curtis, Knut Dale (Norway), Daniele
Donini (Italy), Marty Getz and Dixon Jones, Julien Grivaux (France), Natalio H. Guersenzvaig (Argentina),
James C. Hickman, Elias Lampakis (Greece), McDaniel College Problems Group, Jeremy Rouse, Achilleas Sine-
fakopoulos, Nicholas C. Singer, Albert Stadler (Switzerland), Chu Wenchang and Di Claudio Leontina Veliana
(Italy), Li Zhou, and the proposer.

A Cyclic Pentagon December 2002
1659. Proposed by Erwin Just (Emeritus), and Norman Schaumberger (Emeritus),
Bronx Community College of the City of New York, Bronx, NY.
Assume that pentagon A; A, A3A4As is cyclic and that A, A; is parallel to A3A,.
Prove that
(A1A3)? — (A2A3)7  (AsA2)? — (AsA))
(A3A4)? (AsA3)? — (AsAg)?

I. Solution by Philip D. Straffin, Beloit College, Beloit, WI.

Let s;; = A;A;. Ptolemy’s Theorem applied to the cyclic quadrilateral A;A3A4As
gives

524835 = $23545 + 534825, 1
and applied to the cyclic quadrilateral A;A3A;As gives
514535 = §13545 + $34515. ()

Because AjAyA3A, is cyclic and A A, is parallel to A;A4, we have s, = 513 and
514 = $23. Substituting these into (1) and (2) results in the two equations

$13835 — 523845 = 534525
523835 — S13545 = §34515.
Subtracting the square of the second equation from the square of the first gives
2 2y(2 2y _ 22 2
(513 = 523) (835 — S35) = $34(535 — 515),

which is equivalent to the equality to be proved.
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II. Solution by Jany C. Binz, Bolligen, Switzerland.

We may assume that the vertices of the pentagon lie on the unit circle in the complex
plane, and rotate the figure so that A, = p, A = p, A3 =¢q, As =¢q, and As =r.
Then

(A1A3)* — (A2A3)? _@-P4@-P-@-pg-p) _p-Pp
(A3A4)? qg-—9@G—q) 9-7’

and

(AsAr)’ — (A4 P-r)(p-F)—(p-—r)(p—-F) p-7
(AsA3)? — (AsA)*  @-n@-7N—-(@-nN@-7) q-7
This proves the desired equality. The result does not depend on r, that is, A5 can be

any point on the unit circle except for the midpoint of arc A; A, or the midpoint of arc
A3A4. Nonconvex or degenerate pentagons are admissible.

Also solved by Herb Bailey, Michel Bataille (France), Jean Bogaert (Belgium), Chip Curtis, M. N. Desh-
pande (India), Daniele Donini (Italy), Ragnar Dybvik (Norway), Ovidiu Furdui, Marty Getz and Dixon Jones,
Enkel Hysnelaj (Australia), Victor Kutsenok, Neela Lakshmanan (India), Elias Lampakis (Greece), Ralph Rush,
Achilleas Sinefakopoulos, SMSU Problem Solving Group, Li Zhou, and the proposer.

A Triangle Inequality December 2002

1660. Proposed by Michel Bataille, Rouen, France.
In triangle ABC, leta = BC, b = CA, and ¢ = AB. Prove that

b+c c+a a+b
cos A+ —— cos B cosC > ————.
a? b? + c? 08 “a+b+c

Solution by Li Zhou, Polk Community College, Winter Haven, FL.

Without loss of generality, we may assume that ¢ > b > a. Then & > bl >3 1 and
(b+c)cos A= (c+a)cos B> (a+b)cos C. Hence, by Chebyshev s Inequality,

b+c

> cos C
a

a a+b
5 os B + 5

= 3 pta
a+b+c 1+1 1
3 a? bz—i—c2 ’

where we have used the facts that b cos A +a cos B = ¢, ccos B + b cos C = a, and
a cos C + c cos A = b. Finally, by the AM-GM-HM inequalities,

>(b+c)cosA+(c+a)cosB+(a+b)cosC(1 1 1)
a2

b 2 2
(u) > («3/abc) = Ja2b2c? > 1_3__

3 ZtEtE
It follows that
a+b+c /(1 1 1 9
- 4 Y Y + Y > 1)
3 a? b2 c2) " a+b+c

completing the proof.
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Also solved by Tsehaye Andebrhan (Eritrea), Herb Bailey, Roy Barbara (Lebanon), Jean Bogaert (Belgium),
Mario Catalani (Italy), Chip Curtis, Eugene Curtin and John W. Spellmann, Knut Dale (Norway), Daniele Donini
(Italy), Ovidiu Furdui, Marty Getz and Dixon Jones, Julien Grivaux (France), Enkel Hysnelaj (Australia), Stephen
Kaczkowski, Parvis Khalili, D. Kipp Johnson, Murray S. Klamkin (Canada), Neela Lakshmanan (India), Kee-Wai
Lau (China), Vivek Kumar Mehra (India), Phillip P. Ray, Rolf Richberg (Germany), Achilleas Sinefakopoulos,
and the proposer.

A Product of Projectors December 2002
1661. Proposed by Gotz Trenkler, Dortmund, Germany.

Let P and Q be two n x n complex orthogonal projectors, that is, P = P* = P?
and Q = Q* = Q2. Prove that PQ is an orthogonal projector if and only if PQ is
normal, that is, if and only if (PQ)*PQ = PQ(PQ)*.

Solution by Tom Jager, Calvin College, Grand Rapids, MI.

It is clear that if PQ is an orthogonal projector, then PQ is normal.
If PQ is normal, then there exist a unitary matrix U and a diagonal matrix D such
that PQ = UDU*. Now

(PQ)* = PQ(PQP)Q = PQ(PQ(PQ)*) 0
= PQ((PQ)*PQ) Q = PQ(QPQ)Q = (PQ)’.

Thus 0 and 1 are the only possible eigenvalues for PQ. It follows that D> = D and
D* = D, so that (PQ)? = PQ and (PQ)* = PQ.

Also solved by Morgan Balwanz and Cara Lee and Ann McDonald and Takumi Nishjuchi and Deborah
Stewart, Michel Bataille (France), David Bendall, Eric Brawner, Minh Can, Adam Coffman, Luz M. DeAlba,

Daniele Donini (Italy), David E. Manes, Nicholas C. Singer, Daniel Treat, Xiaoshen Wang, Li Zhou, and the
proposer.

Answers

Solutions to the Quickies from page 400.

A935. Both A and B are zero matrices. This can be seen as follows. Because A2 = A
and B2 = B, we have

(A+B)?=A+B+AB+BA=0.

Hence, A + B is nilpotent, so the eigenvalues, and consequently the trace, of A 4+ B
are zero. Thus

0 =tr(A + B) = tr(A) + tr(B) = rank(A) + rank(B),

where the last equality follows because A and B are idempotent. It follows that
rank(A) = rank(B) = 0,s0 A =0 = B.

A936. We may restrict our attention to triangles whose longest side has length 2. We
may further assume that any triangle has vertices ABC where A = (—1,0), B = (1, 0),
and C is in the upper half plane and in the intersection of the disks of radius 2 centered
at A and B. Such a triangle is acute if and only if C lies outside of the circle C with
diameter AB. Also, a triangle is in 7 if and only if C lies outside the ellipse E with
foci A, B and vertices (k, 0), (—k, 0). Because the C and E cannot coincide, we cannot
have T, = A. However, C and E are tangent when k*> — 1 = 1, that is, when k = V2.
This is the smallest value of k for which T, C A.



REVIEWS

PAUL J. CAMPBELL, Editor
Beloit College

Assistant Editor: Eric S. Rosenthal, West Orange, NJ. Articles, books, and other materials are
selected for this section to call attention to interesting mathematical exposition that occurs out-
side the mainstream of mathematics literature. Readers are invited to suggest items for review
to the editors.

Zanganeh, Lila Azam, Not Moliére! Ah, nothing is sacred, New York Times (6 September 2003)
B9, B11; (http://www.nytimes.com/2003/09/06/arts/theater/06CORN.html . Holmes,
David 1., and Judit Kardos, Who was the author? An introduction to stylometry, Chance 16
(2) (2003) 5-8. Rudman, Joseph, Cherry picking in nontraditional authorship attribution stud-
ies, 26-32.

A book recently published in France calls into question the authorship by Moli¢re of the
plays Le Tartuffe, Le Misanthrope, and others, ascribing them instead to Pierre Corneille (au-
thor of Le Cid). Sacre bleu! The basis of the claim by Dominique Labbé in Corneille in the
Shadow of Moliére is “infallible statistical evidence,” using relative frequency of word usage.
In a special-topic issue of Chance, Holmes and Kardos sketch the history and place of sty-
lometry, “the statistical analysis of literary style,” including notable success in identifying the
author of disputed Federalist papers. Other articles in the issue use mainly principal compo-
nents analysis to pin down the author of The Royal Book of Oz and of letters attributed to Civil
War Gen. George Pickett. Finally, a response by Rudman points out a frequent flaw in studies
of this nature—*“cherry picking,” the selection of data favorable to one’s thesis and the neglect
of unfavorable evidence. Rudman identifies potential pitfalls in the selections of the texts, style
markers, statistical tests, control texts, stopping point, and ex post facto analysis, concluding
that practitioners of stylometry should be better educated and more collaborative.

Robinson, Sara, Are medical students meeting their (best possible) match? SIAM News 36 (3)
(April 2003) 1, 8-9. How much can matching theory improve the lot of medical residents?, 36
(6) (July-August 2003) 4-5.

Until recently, medical students were matched to hospital residencies using rankings and the
infamous algorithm analyzed by David Gale and L.S. Shapley for finding a stable matching
in a bipartite graph (“College admissions and the stability of marriage,” American Mathe-
matical Monthly 69 (1962) 9—14). Despite contrary claims by the National Resident Matching
Program (NRMP), “the Match” gave each medical student the worst possible (in the student’s
estimation) hospital, and each hospital the best possible students (in its ranking), of any stable
matching. Medical residents sued, not on the basis of fraudulent claims or the algorithm itself
(which was adjusted in the 1990s), but alleging that NRMP’s monopoly restrains competition
and lowers salaries for residents. Robinson’s second article summarizes studies on matching
auctions, which include price competition. A new wrinkle: School systems need a fair way to
allocate students to schools under “school choice”—particularly since the No Child Left Be-
hind federal law allows a student at a “failing” school to transfer to another school—when not
all students can be assigned to schools of their choice. The school systems probably don’t real-
ize that they are dealing with a sophisticated algorithmic problem, and they need expert advice
from mathematicians and economists; Boston, for example, uses a natural-sounding algorithm
that encourages lying about preferences and hence may produce unstable matches.
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BBC/WGBH Boston, Nova: Infinite Secrets: The Genius of Archimedes, 2003; 55-min film. Di-
rected and produced by Liz Tucker. $19.95 (at http://www.pbs.org/wgbh/nova/archimedes).
Kaufman, Sarah, On “Nova,” “secrets” only hinted at, Washington Post (30 September 2003)
C7;http://www.washingtonpost.com/wp-dyn/articles/A20063-2003Sep29.html . Netz,
Reviel, Ken Saito, and Natalie Tchernetska, A new reading of Method Proposition 14: Prelim-
inary evidence from the Archimedes Palimpsest (Part 1), SCIAMVS: Sources and Commen-
taries in Exact Sciences 2 (2001) 1-29; (Part 2), 3 (2002) 109-125. Beck, Ellen, Text shows
Archimedes did consider infinity, UPI (11 November 2002); http://www.upi.com/view.cfm?
StoryID=20021111-054914-9241r .

A new film about the rediscovered Archimedes Palimpsest hypes exaggerated speculation
(“a book that could have changed the history of the world”) about how early integration
of Archimedes’ ideas into mainstream mathematics would have accelerated technological
progress. Reviewer Kaufman has it right: “[I]n overselling it, the program misses a subtler,
more poetic point. The drama lies in viewing the book not as a missed opportunity, but as a
long-obscured portrait of the past, a vision of human experience hidden under 2,000 years of
dust”” A shorter but better film is The Archimedes Palimpsest from the Walters Art Gallery
(1999; 30 min, $14.95, www.thewalters.org). Netz et al. report on new discoveries from
careful examination of the Palimpsest, including a “previously unsuspected application” of a
lemma “with a proportion involving infinitely many objects”; they claim that Archimedes stated
that two particular infinite sets have an equal number of members.

Cipra, Barry, What’s Happening in the Mathematical Sciences, vol. 5, American Mathematical
Society, 2002; vi + 95 pp, $19(P). ISBN 0-8218-2904-1.

This new installment (now biennial instead of annual) in an acclaimed series features attractive
presentations and understandable explanations of advances in mathematics, on such topics as
modular forms, protein folding, Kepler’s sphere-packing conjecture, finitude of the universe,
traffic jams, small-world networks, and the three-body problem.

Albert, Jim, Teaching Statistics Using Baseball, Mathematical Association of America, 2002;
xi + 289 pp, $45(P) ($36 for members). ISBN 0-88385-727-8.

This book provides examples and exercises that apply probability and statistics to baseball, “the
most statistical of all sports.” The book can be used either as a source of examples and applica-
tions or as a “framework” for an introductory course in statistics for sports-interested students.
The 40 case studies are grouped by statistical topic, including a final chapter on modeling base-
ball using Markov chains.

Pook, Les, Flexagons Inside Out, Cambridge University Press, 2003; xi + 170 pp, $90, $35(P).
ISBN 0-521-81970-9, 0-521-52574-8.

Flexagons are polygons folded from strips of paper, which display different faces when flexed
along the folds. They were first discovered in 1939 by Arthur H. Stone and then investigated by
a “Flexagon Committee” at Princeton that included Stone, Bryant Tuckerman, Richard Feyn-
man, and John W. Tukey; Feynman diagrams in atomic physics arose from his diagrams for
flexagons. Martin Gardner popularized flexagons in his column on recreational mathematics in
Scientific American. This book summarizes the mathematics behind flexagons, at a level that
can be appreciated by recreational mathematicians.

Feeman, Timothy G., Portraits of the Earth: A Mathematician Looks at Maps, American Math-
ematical Society, 2002; xiii + 123 pp, $26(P). ISBN 0-8218-3255-7.

The book arose from development of a course called “Cartographiometry,” on the interface be-
tween mathematics and cartography; its development was supported by the NSF’s Mathematics
Across the Curriculum program. One-variable calculus is sufficient for most of the author’s
purposes, together with trigonometry; scale factors in two directions substitute for multivari-
able calculus. The dozen chapters average four exercises apiece, four student projects are de-
scribed, and an accompanying Maple graphics package for drawing maps is available at the
Maple Website.
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